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The object of this work is to supply the wants of 
those students who, for reasons connected with ex- 
aminations or otherwise, wish to have a knowledge 
of "the elements of Elliptic Functions, not includ- 
ing the Theory of Transformations and the Theta 
Funetrions." It is right that I should acknowledge 
my obligations to the treatise of Professor Cayley 
and to the lectures of Dr. Glaisher, as well as to 
the authorities referred to from time to time. I 
am also greatly indebted to my brother, Mr. A. L. 
Dixon, Fellow of Merton College, Oxford, for his 
kind help in reading all the proofs and working 
through the examples, as also for his valuable 

suggestions. 

A. (1 DIXON. 

"Dublin, October, 1894, 
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ELLIPTIC FUNCTIONS. 



CHAPTER I. 

INTRODUCTION. DEFINITION OF ELLIPTIC 
FUNCTIONS. 

§ 1. In the earlier branches of mathematica func- 
tions are defined in various ways. Some are the 
results of the fundamental operations of algebra. 
a;-|-l, 2x, a^ are such fvmetions of x. Others are in- 
troduced by the inversion of those operations; such 
are x — 1, Ijx, ^x; and others by conventional ex- 
tensions of them, as a;"*, e". It is not easy to draw 
the line of distinction between the two last-named 
classes. Sometimes, again, geometrical constructions 
are used in the definition, as in the case of the 
trigonometrical functions. 

§ 2. The elliptic functions cannot readily be defined 
in any of the foregoing ways; their fundamental 
property is that their differential coefficients can be 
expressed in a certain form, and as this is a somewhat 
new way of defining a function, we shall take one or 
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2 ELLIPTIC TTUNOTIOKS. 

two examples to show that it is as effective as any of 
those above mentioned. 

§ 3. Let U8 define tho exponential function by the 
equation 

This equation teUa us what addition is to be made 
to the value of exp u when a small change is made in 
that of u, and would therefore enable us gradually to 
find the value of the function for every value of the 
argument u, provided we knew one particular value 
to start with. Suppose then that when it haa the 
value 0, expu has the value 1, that is, expO = l. 

This equation combined with the former supplies a 
definition of the function exp u* 

§ 4. From the foregoing definition we can deduce 
the properties of the function exp u. First of all we 
can find an expression for exp(it+D). 

Let u+v = %D, and suppose •») to be kept constant 
while u and v vary. 



Then -^ 



d d 

^expt.= -^exp.= -exp.. 



Thus oxp u . J- exp v + exp v . -j- exp w = 0, 

or -^(expuexpi!) = 0. 

Hence exp u exp v is a constant as long as ic is a 
constant, and has the same value whatever we may 
put for u and v so long as u-^-v — iv. 

* Compare the eorstrnction of trigonometriod tables, as explained 
in W(irks ou Trigoiiometry. The sine, tangent, etc., of every angle 
are foand by adding the proper increraenta to those of an angle 
sliglitly less. 
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INTllODUCTION. 3 

Put then v = 0,u = w, and we have 
exp tt exp 1J = exp w exp = (;xp(u + ^i), since expO = T-. 

§ 5. We can also deduce the expansion of cxp u in 
powers of u. 



For -i 

SO that 



-T—^ exp w = -p exp u = exp u. 



and 



-j— exp u = exp u 



which =l,wh6nii = 0. 

Thus Madaurin's Theorem gives 

expu = l + tt+J+...+J + ..., 

the convergency of which may be eatahhshcd in the 
usual way. 

§6. As another example, define the sine and cosine 
hy the equation 

--,— sin It = cos w, (1) 

where cos^i(: + 8in% = l, (2) 

and 8inO = 0, eosO-l. 

§ 7. Differentiating (2), we have 

d , ■ r, 

cos W -,— cos M. + sm U cos If. = 0, 

du. 

whence -r- C09U= — sinii., (3) 

an 

aa cos tt is not zero in general. 
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4 ELLIPTIC FUNCTIONS, 

§ 8. To find 8in(u+'(;) and cob(u + v) put w+w^w, 
a constant, aa before. 

Consider a symmetrical function of u and v, auch 
as sinu+sini). 

d , . , . , 

^i— (sm u 4- sin v) = cos u — cos v. 

In the same way 

d , , ^ ■ , ■ 

-.-{eos'U;+co8iJ)= — smtt + sm% 

But eoa% + sm% = cos^ + m^v, 

so that (co8w— coa?;)(co8u+cosw) 

= (— sin w+emj;)(sin« + sin^') (4) 

= {sin tt + sin v)-i- (cos u + cos v) 
so that 



tt + sm V , amhi + v) 

■ — ; = a const, = -■ 7 ,- - r-,^! - ■ 

u+cosv cos(u4-iO + l 

putting w for it and for v. 

Then from (4) and (5) 

— sin u + sin v _ 

sin(i(^+ij) 

And wc lind by solving 

, , , sin^ — sin^y 

sm{-w + ?j)= -. ;— — ■- — 

sm w cos V — am V cos M 

= sinu cosw+siniico3tt by help of (2). 

Here aeain the functions may be expanded by 

Maclaurin a Theorem. 
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INTEODUCTION. 5 

§ 9. The equations of definition are satisfied also if 
we change the signs of w and of sin v,. Thus 
sin( — 1*) = — sin %, 
eos( — u)= cosu. 
The equations (1) and (2) are alao satisfied if tos u 
is put for sinu and — sinw for costt. The initial 
values however are now different and a constant must 
he added to u. Call this constant CJ. 
Then sui(u+t3)= cosw, 

co8(w+C3)= —sin 11, 
if ro IB such that sin ra = l, cos © = 0. Hence 
sin(w.+2in)= cos(^i+ si)=— einu, 
cos('ti4-2i:3)= — sin(M+ I7)=— coBit, 
sin('u, + 4ra)= — sin(it+2ra)- sin v., 

COS(U + 4ra)= — C0S(u + 2f^)= COSM. 

Hence the functions are unchanged when the argu- 
ment u is increased hy 4cr, that is to say, they are 



§10. Again, writing t for V — l, 
d , 



■) = ^(cos^^+( sin -it), 



■r 
,nd 


Is 


COSU + l 

cosO + i 


LsinO=l, 


.(. + , 


sill u,, 




othat 




COSU + i 


isinii^exp 


lU. 






This 


equation includes De Moivre'i 


s Theorem, 


and 



shows that exp u is also periodic, the period being 4ii7. 
These examples may be enough to show that func- 
tions which we know already can be defined in the 
way that was mentioned in 1 2. 
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6 ELLIPTIC FUNCnONS. 

§ 11. Now the three elliptic functions sn u, en ti, 
dn ■«. * are defined by the equations 

-^ an u = en % dn M, 
a/u. 

cn^+an% = l,f 
dn^u- + /c%n% = 1 , 
«nO = 0, cnO = dnO = l. 
From these it follows at once that 

, - en w= — sniidn^f, 

du 

-,— cln M = — K^sn Vs en u. 
du 

The quantity fc is a constant, called the modulus ; 
tt is called the argwment 

§ 12. For different values of the modulus Ic (or, per- 
haps, rather o£ k^, as the first power of k does not 
appear in the definition) there will be difierent values 
of the eUiptic functions of any particular argument, 
in fact, snit, cnu, dnu are really functions of two 
independent variables, and when it is desirable to 
call this fact to mind we shall write them 
sn(u, h), cn(u, h), dn(u, Ic). 
We shall also use the following convenient and 
suggestive notation, invented by Dr. Glaisher :— 
en w/dn u = cd w, sn w/en «. = sc u, 
dn u/cn u = de tt, 1 /sn u = ns w, 

l/cntt = nctt, etc. 
It is usual to write k' for {l — k^y, and k' is called 
the cortipl&mentary vioduhis. 

'Reads, n, a— o, ji, u — d, a, w. 

f Here aud elsewhere en^u, etc., stand for (snii)^, etc., as in 
Trigoaometry. 
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INTSODUCTION. 

The reader will not fail to notice the : 
between the two functions an u and sin u, as also that 
between cosu and either cnw or dnu. {Compare 
§§ 74-75 below.) 

EXAMPLES ON CHAPTEB I. 

1. Find the value of tan(it+v) in terais of tan w. 
and tan v from the equations 

T— tan u = l + tan^w, tan = 0. 
aw 

2. Prove also that tan w is a periodic function of w, 
the period being twice that value of u for which tan u 
is infinite. 

3. Find the value of sech(u-|-T;), given that 

-J- sech u = — sech ii tanh w, 
where sech^i* -|- tanh% = 1 , 

and that sech = 1, tanh = 0. 

4 Find the differential coefficients with respect to 
Vj of ns it, nc u, nd -ti, se w, sd u, cs v,, cd u, ds u, dc «■. 
Ans. — cswdsu, scitdcw, fc%dwedn, ncudcw, 
ndwrcd^, — nswdait, —Ic'^sAuuAu, — csiinsM, 
k'^ac u ne u. 
5. Differentiate with respect to u 

(1) snM/(l-|-cnu). Ans. dnu/(l-|-cnu). 

(2) snii/(l-|-dn'ii). A'tw. cnu/(l-|-dnu). 

(3) entt/(H-snu). Ana. — dnu/(l+sn'!*). 

(4) dn 16/(14- fcsnu). Ans. —kGnv,l{l+lcsiiiii). 

(5) arcsin sn w. Ans. dn •«.. 

(6) snn/(dnu — cnu). Ati^. l/(cnu — dnu). 
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CHAPTER II. 

B'lEST DEDUCTIONS FEOM THE DEFINITIONS. 
THE PEEIODS. THE RELATED MODULI. 

§ 13. It follows from the foregoing definitions that 
if a function S or 8(v) of a variable V satisfies the 
equation 

f-^OD (1) 

where and D ar^ other functions of v connected 
with S by the equations 

0'+S' = l, (2) 

H'+X'S'-l; (3) 

then S=sn<tJ + a, X), (4) 

0~ca(v+a,\), (6) 

D = dn(« + o, X), (6) 

where a is such a constant that 

Bn(a, X).S(0) (7) 

cn((I,X)-O(0), (8) 

dn((S, X) = Z)(0) (9) 

these last equations being clearly consistent 
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NEGATIVE AKGUMENTS, y 

8 14. Now, in the first place, the foregoing con- 
ditions hold if we put 
8=—sau, C=cnu, D = dn«., \ — k, w=— w, a = 0; 
and thus sn( — n.) = — sn u, "i 

cn(-tt)= cnti, (10) 

dn(~u)= dnw, J 
or en and dn are even functions, and sn is an odd 
function, 

§ 15. We have also 

T— se 11 = (cn^u dn u + sn^u dn w)/cn'^w 
du 

— dn ujcxiht, — dc u nc u, 
and in the same way 



dv. 
d 



T— cd w = — Jcf^sd w nd w 
du 



du, 

By integrating these equations we shall deduce 
several important theorems. 
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10 ELLIPTIC FUNCTIONS. 

§ 16. Take for instance 

-7— ed « = — i^sd u ncl u. 

"We have cn%+sn%=l, 

dn%+J^nV = l; 
and dividing by dn^it, 

cd^it + sd% = nd%, 
1 + A^sd^it = nd^tt. 
Hence fc'%d^tt+cd% = l, by elimination of nd%, 
and fc'^nd*it+7c^cd%=l, by elimination of sd^ii. 

In the equations (1) ... (6) of this chapter wo may 
therefore put 
S = cd ■(( , 0= — k'nd u, O = k'lid u, \ = k, v^u. 
The value of a is snch that 

sna = l, cna — 0, dna = 7/. 

Let us write K for this value of a ; then we have 

ssi(u+K) = cdu, -\ 

cn{v.+K)=-}^adu,\ (12) 

dn{u+K) = J^ndu. J 

i^ 17. From these it further follows that 
sn(u + 2K)= cdiu + K)=- ^sd u -i- h'nd w = -sn w, 
cn('U.+2ir)= —Je'Bd{ih+ K) = -h'cdu~k'ndu=~cnu, 
dn(tt+2Z) = yf-=-dii(u + Z) = dntt. 
Also 8n(u+BK)= —sn{ii+K)= -cdii, 

cniu + SK) = k'Bdu, 

dn{w-+3ir) = /(/ndw, 

sn(u+4^)= -Hn.{'ii + 2K) = s,nu, 

cn(tt+4£") = cnw, 

cln(tt+4^) = dntt. 
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THE PERIODS. 



11 



Again, sn(^— u) = Cc!(-u) = ciIm, 

dn.{K —u) — ]^ndu. 
Thus the function dn u is unaltered when its 
argument is increased by 22"; env, and en it are 
unaltered when the argument is increased by iK, that 
is to say the functions are periodia 

§ 18. Take now the equation 



where — cs^u + ns^w. = 1 , 

— ds% + ns^ — k\ 
Here we may write 

yS = =-iisu, G=r dstt, D=:icsu, A = fc, v = u, 

but sna, cn«, dna are all infinite. We have, however, 

esa = i, dsa^tk. 

Let this value of a be called L for tlie time being. 



Then 



sn(«. 



i): 



1 



cn(«,+ i) = Tdsi(, 

dn('W.+ L) = icsu, 
sn(u + 2i)= snw, 
cn(tt + 2L):--cnn, 
dn(u+2L)=-dnw, 
cn{M: + 3i) = — J- de w 

dn(i4 + 3i)=-,csii, 
en(w+4/.)= cnu, 
dn(M + 4X)- dnu. 



,..(13) 
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,2 ELLIPTIC FUNCTIONS. 

§19. Also 

sn(i(. -{•K+L)=T ns(w + -^) = T. <ic u, 

sn(ii+2Ar+2i)=~sn«, 

dn(u+2fi'+2X)= ~dnu. 

§20. Hence 

sn tt has a period Si as well as 4^, 

enu haa a period 2£"+2i as well as 4^, 
dn u has a period 4L as well as 2K. 

We may also notice that 

9n(ff + L) = p cn{K"+L) = -p dii(ii: + L)-0, 



THE COMPLEMENTARY MODTJJiUS, 
ij 21. Now consider the first equation of the sy.steni 

(li), 

^- sc tt = dc « nc u, 
du 

where nc% — se% = 1 , 

'\ahi — h'^m^ii = 1 . 

Hence we may put 

S^iscM, (7=ncii, D = dcw., v — iv,, \ — k', 

in tlic equations (4), (5), (6) ; and as 

S(0) = 0, {7{0) = Z)(0) = 1, 

we have « = 0. 
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THE COMPLEMENTARY MODULUS. 13 

Thvis sn(iu, Ji') = t sc(w, k), ~j 

cn(w, /(')= ne(M., Jc), > (15) 

dn(m, /t')= dc(u,&)J 
These equations are of great importance. They 
embody what is called Jaoohi's Imaginary Trans- 
formation and enable us to express elliptic functions 
of purely imaginary arguments by means of those of 
real ai^mente with a different modulus. 

§ 22. In the equations (15) put L for u. 
Then sn((i, kf) = iSc{L, k) = l, 

Gn{lL,k') = 0, 

dn{iL, k') = k. 

Thus iL stands to k' in the same relation as K to k, 
and we are naturally led to write 

Thus if m. and n are any two whole numbers 
sn(u+2mS:+2n[X:') = (-l)"'antt, '\ 

cn('U- + 2m^+2mir') = (-l)™+"cn'U,, t (16) 

dn(tt+2mZ4-2n(fi'') = (-l)Mnw. J 

We have then the foUowir^ scheme for the values of 
sn, en, dn, of ii-\-'m,K-^ni,K', m and n being integers ; 

snw, cdii, — snit, — edw. 

■j),= cnit, — ifsdu, — enu, fc'sdit. 

dnu, fe'ndit, dmt, fe'ndu. 

(ns u)/&, (dc u)jk, — (ns tt)/fc, — (dc ti)jk. 

11 = 1 —i(disu)llc, ~i¥{ncu)fk, i{dBu)jk, ik'(ncu)jh. 
— iCSlt, (fc'BCtt, — icsu, ik'scu. 
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U ELLIPTIC FUNCTIONS. 

m, = 0, m = I, m, = % m = 3. 

anw, cdtt, — hiim, — edw.. 

■ft = 2 — cntt, /i'sdu, cnu, — /c'sdw. 

— diiTi, — /(/ndu, —dritt, — fc'ndu. 

(lis ii)jk, (dc it)/^, — (ns i4)/A;, — (dc -M-Yfe 

'n = Z ((dswyfe, (&'(ncu)//i;, —t{dsu)jk, —ik'{ncu)lk, 

(C8U, — ifc'sCIt, (CStt, — i/ii'scii. 
the modulus in the congruences being 4. 

^ 23. These equations show that a knowledge of the 
values of enu, en it, dnw does not enable us to fix the 
value of u, and that accordingly the value of K ia not 
perfectly defined since we have only assigned the 
conditions 

sn£"=l, cn^=0, daK^k'. 
Writing X for en u we have 

en u = (1 - x^f', dn u = (1 - k^x^)^, 
£=(1-.')1(1-W)-. 
Hence u = {\l- f )"^\l - k^^pd^, 

the lower limit being because y, and x vanish 
together. 

^-{'(i-f)"'(i-*^'f'r'* 

This is a function of k only. The variaHe ^ will be 
supposed in the integration to pass continuously 
from to 1 through all intermediate real values and 
those only, and the initial value of the subject of 
integration will be supposed to be unity and positive. 
There is now no ambiguity in the value of £ so long 



Thus 
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EELATED MODULI. 15 

as i^ is less than 1. Also with the same provision K 
is a purely real positive quantity aa every element in 
the integration is so. 

Further, fc" ia to he the poeitive value of (1 — P)*, 
for dnw does not change sign within the limits of 
integration and ft" = dn ff\ 

§24. Again, so long as ^^ is less than 1,K' is also 
a purely real positive quantity. 

Thus for values of the modulus between and 1 
the periods 4iK and ^iK' are the one real, the other 
purely imaginary. 

We shall now show how to reduce elliptic functions 
in which the square of the modulus is real, but not a 
positive proper fraction, to othera in which the modulus 
lies between and 1. 



§ 25. We 


have 


d 


.u. 


= cnu 




eiA 


i+sa 


^u-- 


.1, 




An^\i + ¥snhi-- 


= 1, 


and we may put 










C 


'-dn 


u. 


/)-< 


provided wo have 










S-k: 


mw, 


\ 


-lit, 


Furthermore 




a 


-0. 


ThuH 


Mil 


[U.l 


m 


= Smi 



cn(^«, X/fc)= dn(u., ^), I (l7> 

dn(feu, !/&)= ea(u,k).\ 

The equations (17) enable us to reduco tho case of 
a modulus numerically greater than unity to that of 
one less than unity. 
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16 ELLIPTIC FUNCTIONS. 

§ 26. From the equations (15) and (17) wo deduce 
sn(ik'u, l//c') = ^sn(m, fc') = t^ae(u, h), \ 

w{th'u,llk-)= dn(ttt,it')= ie{u,k),i (18) 

dn((J;''U, Ijlff)-— cn((tt, k')= nc(u, k), J 

and also, since ifc'/Zc is the modulus complementary 

to 1/k, 

sn(ihw,i!c'lk) = I sa{kii, Ijk) = iksd(u, k)^ 
<ai{iku,ik'lk)= nc(ku,llk)= nd(u,^),l... .(10) 
dn{tkw.ikflk)= de(fcu,l//c)= cd(u,7c)J 

and from (19) by help of (15) 

anikfu, ik!J(f}= -iJ(fBd{iu,kr) = }!fsd(u,k),\ 
cn(Vti, (A/^) = nd(iw, j/) = cd(tt, k)X.. ,(20) 
dn(l^u,ikll(f)= cdltv,,l(f)= nd(u,^),J 

§27. The quantities corresponding to K, iK', the 
quarter-periods, are given in the following table for 



the group of six 


related moduli : — 




First Second 


Modulus. 


Quarter-period. Qirarter-period. 


k, 


if, iK', 


¥, 


K', iK, 


\jk. 


HK-di'), ,kK'. 


w. 


k{K'-,K), ,;«, 


,Klh. 


kK\ KK'+,K), 


ik/K, 


liK, k'{K+iK'), 


the distinction 


being that sn = l and dn = the com- 


plementary modulus for the first quarter-period, 


and that for the second sn, en, dn are infinite and 



proportional to t, 1 and the modulus, 

§ 28. We can prove that if the modulus is a real 
proper fraction the elliptic functions of a real argument 
are real. 
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REALITY. 17 

For as snti inereaaes from to 1, while cnu de- 
creases from 1 to 0, and dn u from 1 to h', the argument 
u mcreases continuously from to ^, so that for any 
value of u between and K, snu, cnu have real 
values between and 1, dn u has a real value between 
if and 1. 
Also we see from §§ 14, 17 that 

sn.{2K~u)= sn«, 
cn(2£"— u)= — cnM, 
dn{2K-u)= dnu, 
so that when u lies between K and 2K. 

sn u is real and between and 1 , 

cnu „ „ and —1, 

dnii „ „ 1 and //. 

Again, 8n( — (t) = — sn u, 

cn(— tt)= cnu, 

dn{— •«,)= dnif., 

so that sn ii, en u, dn u are also real for values of u 

between and — 2.^. 

Also sn(u-|-4.ff) = 8n'it, etc, 

so that, as any real quantity can be made up by adding 

a positive or negative multiple of 4iK to a quantity 

between ± 2K, sn u, en u, dn u are aU real if tt is real. 

They are also real if ii is a complex quantity whose 

imaginary part is a multiple of 2i.K', for 

sn(M+2t^')= snu, 

cn(u-|-2£i^')= — cnu, 

dn.(w + 2iK')=-dnu. 

§ 29. Further, when the ima^nary part of v, is iK', 
or an odd multiple of it, 
sn u is real, 
en U and dn u are purely imaginary. 
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18 ELLIPTIC FUNCTIONS. 

for Hn(u+(if')= Hksau, 

cn(i!. + iK') = — 1 dn ujk an u, 
dn{u-\-iK')= — ^cIlu/sn^i. 
Again, sine sn(m, t) - .sc(u, f), 
cn((Ti, /c)= nc(tt, /rt'), 
dn{(U, 7i;)= dc{ii, fc'), 
it follows that for a purely imaginary argument or a 
complex argument whose real partis a multiple of 2K 
an is purely imaginary, 
en and dn are real. 
Also, for a complex argument whose real part is an 
odd multiple of K 

sn and dn ai-e real, 
cn is purely imaginary, 
for 3n{X + tv„k)= cd((tt,fc)= nd(u, A'), 
cn(-K'+m, k)=—k'ad{iu, ]c)= —ik'sd{u, ¥), 
dn(Z+rw, lc)= ^nd{cu, k)= /c'cd(w, /O- 

§ 30. It is to be noticed that one of the periods at 
least is always imaginary or complex, and it may be 
proved that their ratio cannot he purely real. 

For let w^ and w^ be two periods of a function <p{ih) 
so that 

^(u) = ^it + wi) = ^it + (Bj) = ^(u + mwj + 1? wa), 
m and n being any integers. Also let (tii/wg be real. 

Two cases arise. If w^ and <o^ have a common 
measure to let 

Wi^=pii>, 0)2 = qw, 
p and q being two integers prime to each other. 

Then integral values of m and n can be found such 
*'^**' mp + nci — 1, 

so that (u + (d) = 0(w), 

and the two periods w^, w^ reduce to one, to. 
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PEEIODICITY IN GENERAL. 19 

§ 31. But if, on the other hand, wj and w^ are incom- 
mensurable we can prove that miei+nm^ may be made 
smaller than any assignable finite quantity. 

For let Xra^ he the nearest multiple of ui^ to id^ ; then 
wi ~ \a>^ =wg, say) is less than ^w^. 

Let /ittig be the nearest multiple of (O3 to lo^ ; then 

and so on. Then 



which can be made smaller than any assignable Unite 
quantity by taking r great enough. Also each of the 
quantities oig, to^, ..., is of the form mati+nte^, so that 
the statement is proved. 

In this case then if <p{u-^7nwi+na>2) = ^u), the 
value of the function is repeated at indefinitely short 
intervals, and the function must be either a constant 
or have an infinite number of values for each value of 
its argument. 

§ 32. It may be proved that the same kind of con- 
sequences will follow if a function is supposed to have 
three periods whose ratios are complex. 

We shall represent the argument of the function on 
Argand's diagram, in which the point P whose coor- 
dinates are {x, y) referred to rectangular axes OX, 
OY, represents the complex quantity x+iy. The 
statement that a straight line AB is a period will be 
understood to mean that if from any point P a line is 
drawn parallel to AB and equal to any multiple of it 
the value of the function is the same at the two ends 
of the line. 

Now let OA, OB be two periods. Join AB. Through 
0, A, B draw lines parallel to AB, BO, OA respectively. 
Through their intersections draw other lines in the 
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20 ELLIPTIC FUNCTIOKS. 

same directions and continue the process till the whole 
plane is covered with a network of trian^es, each 
equal in all respects to the triangle OAB. Then any 
line joining two vertices of triangles of the system is 
a period, since each side of any triangle is one. 

The triangles can be combined in pairs into pajul- 
lelograms, all exactly alike, and similarly situated, and 
the values of the function at points similarly situated 
in different parallelograms wiU be the same. Such a 
parallelogram is called the ' parallelogram of ' the 
periods.' 

Suppoee, however, that there is a third period 00; 
then G must fall within or on the boundary of one 
triangle of the network. If it fall at an angular point 
then 00 is not a new period, but is only a combination 
of OA and OB. If it fall on a side of a triangle, say 
DE, then BO and CE must be periods, and their ratio 
is real, since they are in the same direction ; thus this 
case reduces to the one already discussed. 

If G fall within a triangle, say DEF, tben OB, OE, 
OF are all periods. Let be the point similarly 
situated within the triangle OAB, then OQ, AQ, BQ 
are all periods being respectively equal to CB, OE, OF 
in some order. Any of the triangles OBG, BA G, A OG 
may now be taken as the foundation of another net- 
work covering the whole plane, and since there is 
still a third period, we can again find a point within 
the fundamental triangle wim which to cany on the 
same process. We can prove that ultimately either 
the point will fall on the boundary of one of the 
triangles, which case has been discussed above, or 
a period can be found shorter than any assigned 
finite straight line. 

We shall form each triangle from the one before 
it as follows. Let Oo,h be a triangle of the series, and 
g the point found within it. Let Oa^Oh. Then we 
take Ohg as the next triaaigle of the series, 
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IMPOSSIBILITY OF THREE PERIODS. 21 

Let e be any finite length, then we shall prove 
that a period can be found shorter than e. Suppose 
that none such can be found among the sides of such 
triangles as ABG, ..., abg, ..., which have not for 
a vertex. 

The angle Oah ia always acute, and can never be 
greater than \-k~^ where Q is some finite acute angle. 
For if there is no such limit, and Oah can be made to 
approach ir/2 without hmit, then since Oba^Oah, 
aOb can be diminished without limit, and therefore 
ab can be made lees than e. 

If Oh is drawn perpendicular to ab and g falls 
within the triangle Ohb then Og < Ob. 




If not, we have 

Oa — Og = ag sin ^{Oga— Oag)-r-cios ^aOg>e sin J/3, 
for ag^e, Oga > Ob/i > ^-tt, Oag < lv—j3. 

Thus Og ia iesa than Oa by a finite quantity, and if 
Og > Ob it will be reduced by a finite quantity at the 
next step and so on, until after a finite number of 
steps we have a triangle in which Ob is the greater 
side. We can then replace Ob by a line which ia less 
by at least e sin 4/3, and carry on the process, reducing 
this line again in the same way. 

Let jw be the greatest integer in Ob-i-e sin |/3. Then 
after /jl stages at most the shorter side Ob of the 
triangle Oah will be replaced by a line less than 
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22 ELIJPTIC rUNOTlONS. 

e sin i^, and therefore less than e. Each of these /a 
stages will consist of a finite number of steps by whidi 
the originally greater side of the triangle is gradually 
diminished till it becomes the less, followed by another 
step in which that which was the leas originally is 
itself diminished. 

It is proved then that if there are three periods 
tOi, Wg, (Og, either they are not independent but satisfy 
an identity of the form ia)i+inMa+«w3 = with in- 
tegral coefficients, or else a period can be found whose 
modulus is smaller than any assignable finite quantity, 
so that the fimction has an infinite number of values 
for any single value of its argument. It might of 
course be a conatant. 



EXAMPLES ON CHAPTER II. 

1. Prove that each of the twelve functions snw, 
en It, ns u, . . . , can be expr^aed as a multiple of the sn 
of an integral linear function of u with one of the six 
related moduH, in two ways, e.g. 

dn(u, k) = }ifsaiK'~iK~iv,, k'). 

2. What are the periods of the functions sett, dctt, 

, Bnu cnti , q sntt , 

dsii, :r-. 1 ^i—. ■> Bnucdu, sn%, rr-r-, — s-* 

l+cnu l+snii l + /csnni. 

3. Putting jS for sn u sn(u + E), verify that 

dit 

{inu+daiu+E)]^+Ic^S^={l+iff, (2) 

{<i.nu-dn{u+K)}'^-i-¥S^ = (l-]^f. (3) 

Deduce that 



^{dn%-dn'(»+Jir)) (1) 
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EXAMPLES II. 23 

and find the values of 

mlKl+i-),}^} and i"{Ml + l''),\^]- 

4. Putting S for an u de V,, prove that 

(j|)'=i+2(;t'»-/#)SHS'. 

5, Verify that 

where s, c, <? are 8n{w, k), cn(u, /c), dn{w, /c), respectively. 

6. If 7^=^2-1, prove that 

sn •«< - 2)* = ( - 2)*sc u nd w, 
en w{ ~ 2)* = nc u nd w + /^ sc w. sd ii, 
dn ii( — 2)* = nc u nd ti — fc sc It sd u. 
Hence prove that for this value of k, 

7. If A: = sin T5°, verify that 

sn u{ - 3)^ = ( se u(4 v^3 - 6 - an%)/(4 - 2^3 - sn^u), 
en t4( - 3)^ = (2 ~-JZ){^ - v'3sn%)/cnu(4 - 2^3 - 8n%), 
dn i*( - 3)* = (2 - V3)dc tt(2 - sn%)/(4 - 2^3 - sn^ji). 
Prove also that for this value of k, 
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24 ELLIFi'IC FUNCTIONS. 

8. Find the expanaions of snw, entt, dnit in ascending 
powers of u as far as u^. 

An^. sni4=M^Kl+^)'*'+TiTr(l + l*'':'+''^K'". 

dn w = 1 - i/Ai^ + -i\{i¥ + ¥) It* ... . 

9. Trace the changes in sign and magnitude of 
sn, en, dn for real and purely imaginary arguments 
for ail real or piirely imaginary values of k. 
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CHAPTER III. 
ADDITION OF ARGUMENTS. 

§ 33. We shall now show how to express the sn, 
en, and dn of the sum of two arguments in ternia of 
the elliptic functione of those arguments themselves. 

Let Wj and itg be the two arguments and let us 
write 8^, c„ d^ for sn w^, en ^(^, dn v,^, and s^,- C2, d^ for 
sn 1*2, en Ug, dn u^ This notation will often be found 
convenient. 

Suppose itj and u^ to vary in sncli a way that their 
Bum is constant, say a. 

Then »,+«, = „, -^'=-1. 

Conaider now some symmetric functions of w^ and 
^2, as sn itj + sn u^, sn it jCn u^ + sn u^cn ii^, ute. 
We have 






= (<Ji-<i,X«i«!-sA)- 

. -;A,c,«+»,')+t%5c,((!,"+f 

= — i^C^Cj — 81S2XS1C2 — Vj). 
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26 ELLIPTIC rUNOTIONS. 

Now - h\s^c^ - s^c^) = - ¥{8^^ - s^) = d^ - d^, 
and thus we have 

From this it follows at once that -M — -7^ = a const. 

so long as %+«a=a-. 

The value of this constant may be found "by putting 

_ sna 

II, — and M„ = a. it is z ^ — . 

^ ^ 1 + dn «. 

Thus sn(u^ + u,) ^ V,+Vi 

§ 34 Agam, ^j— ^ = - j-, ■ ^;^^-p^^ 



~dna-r 

Thus -r^}^'\='4'-f-^. 

Inverting these two relations and subtracting, we 
have 

^_ d^ + d ^ dj-d^ 



an{u, + u„)= 1 - ■ ^ — j-. 
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ADDITION" OF AEGUMENTS. 
By inverting and adding, we have 



and dn(Uj + u^) = 



§ 35. In the same way we could prove the following 
relations 

Sjc\ + Sa(Ji _ an(-itj + u^) 

Sjd^ — s^d-^ _ saju^ + u^) 

Ci—c^ " cn(Wi + Tij) ■" 1' 
Cjdg + c^d^ _ cii(%+M3)+dn(u^+u^) 

Sj + Sj ~ SJl{Uj^ + U^) 

Oid^—c^dj _ cn(Mi + 11,^) — dK(u^ + % ) 

" 's;^r "~ ^(%+%) ' 

which we shall leave to the reader to verify. 

§ 36. Any one of them is enough to give the value 
of cn(Uj+Uj). Adding the last two we have 
, , , s,c,d,~SoCod, 






and hence cn{% + it^) - 

by help of the value given in §34 for sa(u^ + U2). 

§ 37- The formulae just found can be 
other ways. 
We know that 



dn(it + iK') — —I CUV' 
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28 ELLIPTIC FUNCTIONS. 

Put then u^+iK' for it-^ in the above formulae. We 
have 

»K+,;..+u,=(,l,-v)/(f+.g^), 

~ 1-*%,%" ' 






dn(Ui+Mj) = (Cs(%+t£"'H-Wa) 

The expression on the left is —ikca{ui-\-v,^,%o that 
cn(Wi + u^) = Y_^4V^ 

These three forms, in which the denominator is 
\ — W8^s^, are those generally quoted. It may be 
verified by muU^Iication that they are the same as 
the former set. Thus, in the ease of dn(wj+ifj), 

= s^c^d^id^^ + hHs<h^) — 8^Cjd^{dy^ + kW^) 
= (s^c^d^ - 8^cjd^)(l - iVV). 
for d^^ + ¥8^\^ = 1 - kW^ = d^^ + kW\ 

The other verifications are left to the reader. 

§ 38. By putting u^ + K for u^ we may form 
another set from each of the two we have. The 
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ADDITION OF AEGUMENTS, 29 

four sets of fonriulae are embodied in the following 
scheme : — 

NumaraWr o£3ii(iij4uJ: 

Numerator of cii(Mi + «j| ; 

Numerator of (ln(«i + v^) : 

Deiiommator of each : 

l-lfis,\^, SiC^il^SsCid,, CiCi + sfyd^d^, djd^ + ill's jS^jC^. 

§ 39. The above formulae give the an, en, dn of 
lij— itj by simply changing the sign of s^- 



By combining different formulae we easily find the 
following, writing A for 1 — k^a-^s^ : — 
A sa{v^+u^sn{'u>i^ — u,^=s^—8^, 

A dn(wi + U2)c!n(iii - u^) = 1 - ^a^^ - k\^ + Fs^ V. 
A sii.{ui+v^Ga(v^ — u^) = SjCid^+s^c^, 
A sn{uj+u^n(u^ — u^ = 8jC^di+s^id^, 
A cn(% + U2)dii(uj — Uj) = CjC^d^d2 — ^^SiSg- 
A{1± 8n(Ui+ii,)Ul± aii(u^-U2)} = {c^±8j^d^y, 

A{dn{Mj+%)± m{v^+v^)]{dn{ui-u^)±en(u^-u^)} 

A{dn(«j + ng)±7(;cn(Ui+Ug)}{dii(i(.i-Ma)+/i:cn(Mj-n2)} 

= (dj^d^±JcCjC^y, 
A(l ±cnK + W2)}il ±cnK-n,)} = (c^±c,)^ 
All ±dii(iti + «j)Hl ±dji{iij_-u^)} = {d^±d^f, 
A{1 +cn(«<i+!t2)}{] +cn{u^-u^)} = (s^d^+s^djy 
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A{1 ±dn{u^-i-u^))il ^:dii(u^-u^))=k\s^c.^+s^c^f, 

A{h'±dn{ui-^u^)}{k'+&n{v^-v.^)} = -kHCiC^±k^3jS2f, 
A{da(u^+u^)±k'sn{u^+U2)]{dn{Ui-u^)±k'm{Uj-u^)} 

etc., etc. 
The verification of the above results will give the 
reader useful practice in the algebraical handling of 
the elliptic functions. 

§ 40. Since u=v + a is the integral of the equation 
du = dv, a being the constant of integration, the 
dift'erent addition-formulae may be considered as 
forma of the integral of the aame differential equation. 
Also if we write x for SD.u,y for snv, the lihfferential 
equation becomes 

(1 -a;^)"'^(l - k^x^y^dx = (1 - y^y\l - kh/Y^dy, 
which therefore has an integral that ia algebraical in 
0! and y, although neither side can he integrated by 
means of algebraical functions. This fact was known 
for a long time before eUiptie functions were invented. 
Euler succeeded in integrating the equation 

where X is a quartic function of x and Y is the same 
function of y. 

Let X — ax^ + hx^ -\-ar}-\-ex +/, 

Then the integration ia as follows : — 
Write X', Y for dXjdx and dYjdy. 
We have 

-^^ = a{!^+x^y+xy^+y«)+h{x^\-xy^ry^)-\-c{x-vy)^e. 

Z'+F' = 4a(!BHy^)+36(ic2+i/3)+2c(a:+v)+2e. 
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Thus 
X-Y 



EULER'S EQEATiOK, 



= -(«-S)'{a(« + J/) + 16). 



Ai»o J^x*=jz^*x', ^Fi-ir-iy. 

Hence ''" - ''" . <i<»+y) _. ''(»-y) ,<i(^'-y*) 

zi -r* z'-r* z'+F* K^'+r) 

(Z*- F*)(i(:e-i))-(»-i/)ti(Z*- F*) 
Z-F-KZ'+F)(«-9) 

^ 1 .I X''-¥\ 

~{x-y){a{x+y)-\-^h)''\ x-y J' 
Therefore 

y*_ F* y*— F* 

{«(x+?/)+iM<?(^+?/) =^^^J^^^ 

= (i(a;+i/f+6(iC+?/) + (/, 

^ being the constant of integration. 

This is the integral sought. 

Further information, with references, will be found 
in Forsyth's Differential Equations, pp. 237-247. 

§ 41. Suppose in the addition-formulae that u^ is 
real, and u^ purely imaginary. Then s^, c^, d^, o^, d^ 
are all real, and s^ is purely imaginary. Thus the 
imaginary part of sa(Uj^+u^) ia 

This cannot vanish unless Sg = or co , or Cj^ — or 

But d-^ cannot vanish as Uj^ is real, and if 0^ = wc 
have Wj= an odd multiple of K. 
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32 ELLIPTIC TJ-UNCrriONS. 

Also since u^ is purely imaginary, if 8^=0 or x 
we have u^ — a, multiple of tK'. 

If then a complex: argument have a real an, its real 
part must be an odd multiple of K, or its imaginary 
part a multiple of iK'. 

In the same way if the sn be purely imaginary, 
Sj = or CO , or c^ = or d^ = 0. These are all im- 
possible but the first, so that the real part must be a 
multiple of 2^. 

§ 42. From this it follows that sn has no other 
period tlian iK and 2tK'. For if A were such a 
period it must be complex, say A^ + iA^. Then 
saiu+A^ + iA^) is real or imaginary according as u is 
real or imaginary. 

If V, is real we have 

A^ = s. multiple of K\ 

for u + A-^ is not generally an odd multiple of K. 
If u is imaginary we have 

jlj = a multiple of 2K. 
Hence there can be no periods other than those 
already found. The same holds for en and dn. 

§43. Suppose now that there are two arguments 
■Wg and Ug for which sn, en, and dn are all the same. 
Then it foUows from the addition-formulae that 
sn(%-|-%) = sn(U;[-|-Ug), etc., 

whatever u^ may be. 

Hence u^—u^ is ft period for sn, en, dn, and must be 
a quantity of the form iTtiK+incK'. 

Thus alt arguments having the same sn as w are 
included in the formula 

{-iyHi+2mE+2niK' ; 
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all having the same en in the formila 

and all having the same dn in the formula 
±v,+2'mK+iniK'. 

§ 44. An important property of the elliptic 
functions, which has been assumed once or twice in 
the foregoing pages (as in §41) is that they are 
uniform, that is to say that each of them has one 
single definite value for each value of its argument. 
Many examples might be given of functions for which 
this is not the case ; x^ ia one. 

The property may be proved as follows ;— 

Suppose sn'M.=a!, and let us examine the behaviour 
of u and x when a: is in the neighbourhood of a value a- 

Put x = a + i, and let a be the value of w when x = a. 



The right hand side of this equation can be ex- 
panded in a series of powers of ^, which will always 
converge absolutely so long aa | f | (the modulus of ^) 
does not exceed the least of the quantities 

] i_„ 1 1 1+„ |, 1 1_. [, 1 1+,. I 

(See Chrystal, Algebra, ch. xxvii., §11). 

By integrating every term on the right we get 
another ateolutely convergent series since the term 
in ^ is multiplied by Hir + l), a constant (complex) 
multiple of a 



iltjple of a quantity that d 

Hence the value of u is given as the sum of an 
absolutely convergent series. 

Therefore (see Chrystal, ch. xxx., §18) ^ can be 
expanded in a convergent series of powers of ii — a 
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within limits which are not infinitely narrow, and 
within those limits ^ is defined as a continuous uniform 
function of u (Chrystal, ch. xxvi., §§ 18, 19). This 
applies to every finite value of a but ± 1 , ± 1 /fe 

If a has any of these values we may put x = a+^^, 
and deduce the same conclusion. 

Lastly, in order to consider very great values of x 
we put x = \li, and find that Ijx is in that region a 
continuous uniform function of u. 

Hence in all the plane there is no point where any 
branching-oflT of two or more values of x takes place, 
and therefore a; is a uniform function of u. 

The uniformity of cn v, and dn w can be proved in 
the same way. 



EXAMPLES ON CIIAPTEB Til. 

1. Verify from the formulae of this chapter that 

-^— sn(tti + i%)=cn(u^+ii3)dn(^tj+U2), 

cn^M^+Uj)+ sn2(i^+U3) = l, 
dn«{ui + Wj) + fc*sn2(K^ + Uj) = 1 . 

2. Find the sn, cn, dn of -Wj + Uj+iig in terms of 
those of -ttj, 1*2, itg, and show that the results are 
symmetrical. 

3. If 'w^+w-2+W'3 = f> show that 

djd^d^ — k^CjC^G^ = k^^, 

(ijCjCg — Cjd^d^ = A/^s^Sg, 
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i. If %+U2+U3+it4 = 0, show that 



C3 r/g ]. 

<U rf, 1 

(SiCj - s^c^)(d^ - d^) + (s.^c^ - s^c^){d^ - d^) = 0, 
(0,^2 - c^d^ys^ - 8^) + {c^d^ - c.djXsi - s^) = 0, 

M,~MiX%-c4)+M*-8A)(''i-c2)=o. 

(These relations may be put in many more forms by 
such substitutions aa ti^ + K, u^, 1^3 — Jf, u^ for w-^, %, 

5. If Wi+w-^+Uj^O, then 
3 cj(ii Si 1 = 0. 

6. If S(u) bo written for snw-dcM and S'{u) for its 
differential coefficient then 

7. Verify the formulae of §39. 

8. Prove the following :— 

cnftt — u) — cn(« + a) 
gn u sn a — - — > -- ■ ■ — ; — ■- 

_ 1 dn(u — ft) — dn(tt + a) 
~^ cn{w — a)+cn(tt+«)' 

cd(u — a) + cd(u 4- a) 

na{'u>—a)+na{u+a) 
__k2 nd(w-ft)-nd(u+tt) 
It?' cd{M-a)-cd(«.+ffl)' 
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uc(u — a) + iic(it + a) 
_,^ nc(u — a ) — nc(u + a) 
~ ' dc(tt —a) — dc(tt + a)' 
^ 8n(u+ffl) + sn(u~a) 

an(w+a)+dii(u— a) 
_ 1 dii(tt — a) — dn(ii + a) 
~P 8n(u+a)— an(?(. — o)' 

, sn(w+(i)+ snftt— a) 

ea(u + a) + cn(tt — a) 

_ cn(it — a.) — cn{tt + ft) 

~ aa(u+a)— 8n(w— o.)' 

- ad('tt+a)+8d(-»- a) 

sn U Cd B =^ ; — T-; 37 7 

na(M + a) + nd(u — a) 
_1 nd(u + a) — nd(u — a) 
~¥' 8d(w+a)-sd(M.-o)' 

_ 8c(ii.+a)+ sc(u— a) 

~ nc(tt + «) + nc(i(. — a) 

_ nc(tt + «) — nc(w — a) 

~ sc(it + a)— sc('M.— a)' 

, , ds{u + a) + ds(ti — a) 

cln 1* nd a = —7 — ; — ) ( 

na(«+a) + n8(w— h) 

_ nB(ri- + a) — n^u ~- a) 
~(is{u+a)—ds(u — ay 

da(tt— a) + ds( (i + a) 

snu-ma =— )- ( 7 — ; — i 

es^ii— a)— ca{u+a) 

cb(u — a)+ cs('m-a) 
~ d8(w - a) - da(ii + «)' 
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EXAMPT,ES Hi. 

cd{u+a)+cd{u-a) 
_ 1 cd{u-\-a)—cd{u — a) 
k'^ 8<i(tt + a) — 8d(w — a)' 
or, w Hs „ _ dc(^+a)+dc(xt-ct) 

OU W' us «H ; ; r ;; r 

B^v,+a)-Bc{u-a) 
^^^ sc(u + ct)+sc(ti.-a) ^ 
'<lc(w+«) — dc(i[— «)' 

cnttncB =— ^ { 7 — ; — 7 

iia(u-c()+iis(it+«.)' 
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CHAPTER IV. 

MULTIPLICATION AND DIVISION OF THE 
ARGUMENT. 

§ 45. By putting Wj = u^ in tlie addition-formulae 
we easily fijid the values of sn 2«, en 2u, dn 2u in 
terms of snu, en It, Ann. Writing S, C,D,^, c, d for 
these quantities respectively, we have 
S-2sc<i/(l-*V), 

C'-((;«-«W)/(l-7i!%') = (l-2s'-|-iV)/(l-tt'), 
D = (clf-kV(f)l{l - iV) = (1 - 2»?s" H- JiV)/(l - 1%'). 

§ 46. Moreover, these equations can be solved for 
s, (!, d if iS, G, D are supposed known. 



D-k'0+li'=ili'IO—kh% 

" ~ k\D-C) ^b-k'G+k'' 
— ^ , by subtraction, 

^ im + Cy ^^ 'Subtracting again. 



y Google 



HALVIN*; OB-' THE AEGUMEN'.I\ 
Hence we And the following formulae for ^v, :- 

_ / l - en ^ \^ _ 1 / I - dn u \^ 
™**"\r+d^^ "/Ai + cnw/ 

ksnu ' 

_/(inu+ciiu'Y _kV 1 — dn'« V-" 
* \ i + dnii / ~ k Vdn u — cnuJ 



•^ \ l.+cntt / Vdnw — cnif/ 
_ (dn w, +eQ «)*(!. — en n)* 

§ 47. In particular 

snhK = (l+krK 
cni^=/c'*(l + ^)-^ 
dn^Z = /A 
aniiK' = ik~^, 

being purely imaginary and of tlie same sign as its 
argument ; 

GnliK' = k'\l+k)K 
being a positive (;[uantity ; 

dnl>.K- = {l+k)^, 
being also positive. 

These three may also be deduced from the otlicra 
by using the compleraentary modulus. 
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ELLIPTIC FUNCTIONS, 

,i 

en J(Jf + ,jr) = '-' ■ (!_,+ *)' ((l + i0'-(l-i')*l 
= (-)©* 

Theae three are most conveoiently t'ouiul fi'oui tlie 
former aix by the addition -formulae, 

MULTIPLICATION OF THE ARGUMENT BY ANY 
INTEGEE. 

§ 48. By repeated use of the addition-formulae we 
can find the elliptic functions of 3u, Asu, ... , in terms 
of those of 11. 

We may prove the follomng facts about the fonn- 
ulae for sn nv-, en nu, dn nu : — 
Firstly, when n is odd, 
sn v,u = sn u X a rational fractional function of sn^w, 
en nv- = en ii X a rational fractional function of sn^t, 
dn'nw=dnttxa rational fractional function of sn^w. 

In each case the denominator is the same function, 
and is of the degree ti^ — l in sn w ; the numerators 
are different, but are of the same degree, n^. — 1. 

Secondly, when n is even, 
sn nv, = snucnwdnuxa rational fractional function 

of sn^it, 
cnmi = a rational fractional function of sn'%, 
A'n.nu — a. rational fractional function of sn^v.. 
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MfJI,TIPIJCA,TION OF THE AKGUMENT. 41 

In each case the denominator is the same, and its 
degree is n^ in situ; this is also the degree of the 
numerators of cnnu and dn7i«; the numerator of 
sn-JiW-^snitcnudnit is of the degree n^ — i. 

Clearly we may say a rational function of cn%. or 
dn^it instead of sn^it without altering the meaning 
or the degree to be assigned. 

§ 49. These statements are evidently true when 
n = l or 2. Suppose them to be true for the values 
VI and m+1 of n; one of these values will be even, 
and the other odd. 

Write 8p, Cy, Dp, S'p for the three numerators and 
denominators of anpu, capu, Aapu respectively, and 
s, c, d for sn w, en u, dn ti. Then 

= scd X a rational integral even function of s of 



= a rational integral even function of h of 
degree 4ni^, 

— a rational integral even function of s of 
degree 4«i^, 

= a rational integral even function of s of 
degree ivi''. 
Also 

= a rational integral odd function of s of degi'ee 
2TO2 + 2(m +1)^-1, that is, {2m + l)^ 

= a similar function of c ; 
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42 ELLIPTIC EUNCTiONS. 

= a aimilar function of d ; 

= a rational integral even function of s of 

degree {2m- + 1 )^ — 1 . 

Hence, if the theorems hold for the values m, m + 1 , 

they hold also for 2m and 2m+l. Now they hold 

for 1 and 2, and therefore for 2 and 3, 4 and 5, and 

universally, 

§ 50. Also these expressions will be in their lowest 
terms. Consider for instance G^, a rational integral 
function of c of degree m^. This must vanish when- 
ever en mu= 0, that is, whenever 

•p and q being any integers. 

Hence the roots of (7„=0 as an equation for c are 

the values of en ^ . This oxpreasion has 

Til '^ 

7n? different values found by making 

p=0, 1 ...-m — l, 
and q=:0, ±1 ... +^^-1) or ±\m, 

in turn. Thus the degree of the numerator of en mu 
cannot possibly be lower than m^ and the expression 
we have found for en mn is in its lowest terms. 
Also as C^+ S^=JV^. 

and (?,„, Nm have no common factor, H,„ and D,„ can 
have no factor in common with either. 

§ 51. We may notice that when N^ is expressed in 
terms of s, the coefficient of s^ in it vanishes. 
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DIVISION OF THE ARGUMENT. 43 

For N.„„ ^N^-k^S^, 

Now 8 is a factor in S^ and S,a+i' so that if the temi 
in s* is wanting in JV^ and ifm+i it will be wanting in 
if 2m and A'jm+i. 

Now i\?"^ = l, A'2=l—/cV, from which by induction 
the theorem followe. 

By changing u into u+iK' we find that the co- 
efficient of s™'-^ vanishes in S,„ when m is odd and in 
Nm when m is even. 

DIVISION OF THE ARGUMENT BY ANY INTEGER. 

§ 52, If we know the value of sn v,, the multiplica- 
tion- formula gives us an equation to find en ujn. 
When n is odd, 

sn - is the root of an equation of the degree n^, 
^ whose coefficients are rational in sn u. 
When n is even, 

sn^- is the root of a similar equatioiL 
n ^ 

We may show that the solution of these equations 
depends only on that of equations of the %th degree. 

^ 53. Take the case when n is odd. 

Since snu = an(u+4pK+2qiK'), it follows that 

sn-(u -\-'ifpK+^qtK') is also a root, and as this ex- 
pression has n^ values it includes all the roots. Call 
it \(p, q). 

Then clearly any symmetrical function of \{py 0), 
\{p, 1), ... , X(f , 71 — 1) will be unchanged by adding 
any multiple of 2i.K' tx) u. Such a function then will 
have only rvalues, given by putting j) = 0,1, ...,7i— 1 
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44 ELLIPTIC FUNCTIONS. 

in turn. It will therefore be a root of an equation of 
the nih degree only. 

Thus X{p, g) is the root of an equation of the wth 
degree whose coeiScients are aleo given by equations 
of the nth degree, rational in an it. 

The same form of argument holds in the case when 
11 ia even, and also in the ease when en w. or dn it is 
the function given and we have to find the sn, en, or 
dn of it/w, 

EXAMPLES ON CHAFrEE IV. 

1. Find the values of the sn, en, and dn of 
^{mK+niK') for all integral values of m and n. 

2. Prove that sn ^K ia a root of the equation 

What are the other roots, and which is the real one? 
Ans. sn{^K±%lK'), m{ZK+%tK'). The last is real. 

3. With the notation of this chapter, show that 
■A'^bm+i ± Gsm+i, expressed in terms of a, has 1 ± <; for a 
factor, the other factor being a perfect square. 

4. Show that N^—Cim has 1— c^ for a factor, and 
that the other factor of it is a perfect square, as is 

alsoi^2m+(?2m. 

5. Prove that when expressed in terms of d, 
^2m+i ± Am+i has 1 ± 1^ for a factor, the other factor 
being a perfect square, that Nsai — JD^m has 1 — d^ for a 
factor, and that the other factor, as also Nim+^^i, is 
a perfect square. 

6. Show that N^n ± Szm can be expressed as a perfect 
s(.;[uare, as can also the quotient of -iVa^i+i ± Sa„.+i by 

i±(-:)-s. 

7. Prove similar facts with regard to tf,„ + /cS,„, 
it'-»'„ + i)«, A. ± 0.„ Dm ± *C,.. 
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EXAMPLES IV. 45 

8. Prove that 

{cJV™-C™)^-^(i\f„.+ i-0™4.i)(iV"„._i-(7„,_i), 

are independent of the argument u. 

9. If /J., V are ainy two mth roots of unity, whow that 
the fith power of 

is a rational function of sn it and en u dn u. 

Hence show that the value of sav.jn may be 
found by the extraction of -Jith roots, if sn IKjn and 
sn 2iK'/n are supposed known. 

10. Use the last example to find expressionR for 

sn ^u, sn ^u. 

11. When n is odd, prove that 

nsunu—y^ Vsntit+— — — ) 

and that n'sn^nw = 2j ^sn''Ut+-- )• 

12. When n is even, prove that 

„ , 'iA^'t^^ J ,2aK + 2viK'\ 
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CHArTER V. 

INTEGRATION. 

§ 54. We must now exftmine how far it i 
to integrate, with respect to u, any rational algebrs 
function of sn u, en u, dn w, or, as we shall write 
thorn, s, c, d. 

In the first place, suppose the function to be iT-^—j\' 

and i/^ being rational integral algebraic functions. 

We may make the denominator rational in s by 
multiplying it and the numerator by 

i^(g, -c, d)V<s, c, -d)VHs, -<:< -fO- 
and by means of the relatione 

by means of the same relations we may reduce the 
numerator to the form 

the denominator being ^(s) and ^, )(^, ^g, )'^, ^^, all 
rational integral algebraic functions. 



§55. Now [*<»&._(>;<&>. 
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INTEGEATION. 47 

which can be integrated by tiie ordinary rulew for 
rational fractions ; 



J xW JxW 



xW 

and tliia can be reduced to the integral of a rational 
function by the substitution 



which 


gives 


(l-»*)-l+iS- 






Also 




fil'-=l^'<- 


I,W) 


-id., 


which 


can be reduced hy putting 










2s 






The 


problem is thus reduced to 


the 


integration 



ofxr(»)/x» 

§ S6. The iirst step will naturally be the expression 
of Vi(s)/x(*) ^ ^ series of partial fractions. 

When this has been done the expressions to be 
integrated will fall under one of the two forms 

a being any constant, real or imaginary, Wc will 
consider these in turn. 

Let \ii"'du=Vm- Now 

= Cm-3>— 'cW-»"-W-F8»-V 
-(m-l)J?u"-(m-2)(l+P)s--*+(m-3)(!"-', 
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48 ELLIPTIC FUNCTIONS, 

and therefore, integrating, we have 

= (m-l)k^Vm-{m~2){l+k^)v^_i+{m-^)v^-t 

where (7 ia a constant. 

Thua when m > 3, v« can be expressed by means of 
Via-s and Va,-i> and in the case when 7n~Z, v^ can be 
expressed by means of v-^. 

Thus when m is odd the integration of v^ depends 
only on that of Vj_, and when m is oven on tliat of v^ 
and Vfr 

§57. Now Vi= snudu 

= 2 1 sn 2a; dx, putting 2a! = ii, 

._ f 4 sn ic en ic dn 03 T 
" J l-fc%n*a! 

1, l+kz 

_1, l + Zcsn^^tt 
k °l — ksD^\w' 

Thtis the initial of an odd power of sn u can always 
i by means of the functions sn, en, dn, log. 



ij 58. Again, 



,, = {»: 



It is not possible to express v^ by means of known 
functions, and a new symbol has to be introduced. 
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THE FUNCTION E. 



The letter E is generally used, anil the dotiniLion of 
its meaning is 

Eu = \ dn^u dit, 



=r 



80 that 1)2 = (u -£■«)//(?. 

The value of Eu when v, = K is generally denoted 
by E simply, so that 

j?= I Anhnlu. 

The Greek letter Z waa used by Jacobi tor a slightly 
chfforent i'unction, defined as follows : — 
7iu. = E'a,-v.ElK, 

Thus ZK=0. 

One advantage in the tise of tliis notation is that 
there is not the same risk of confusing the product 
Eu with the function Kv,, 

§59. We now turn to \(« — a)"'"'d'ii, which we shall 
call w«,. Put 8 — « = ^. 

= (-m + l)(s-(.)-"cW-(8-a)— +■»(*+»?»>) 
= i-[(-m+l)-(-i»+l)(H-i>)((+a)« 

+ (-m + l)F(i + a)'-l(f + a){H-t«-a^*+a)')] 
- -(m-l)(l-o«Xl-'t'o')(-" 

+ (2m-3)(l+J?-2Fa")a(— +• 

+(m-2){l+F-6;i»a')i— +' 

-(2m-6) . 2;i?o . l-»+»-(m-3) . P . t— +'. 
Integrating, we find that w«, can be expressed by 
means of known functions, and Wm^i, Wm^a, w^-^, 
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50 ELTJPTIC FUNCTIONS. 

w,„-4, provided always that (to — 1)(1— i/)(l — Fu^) 
does not vanish. 

If a^=l or l//c^ then ■w'm-i can be expressed in 
terms of u'„i_2, iiijii^s, w^-i for 2m — 3 does not vanish. 

Hence for these special values of a the integral can 
be reduced to w^,, w.^, w^^, that is to Vf^, v^, v^, and no 
new function need be introduced. 

But in general the reduction can only be carried on 
as far as u',, since when m = 1 the coefficient of «',« in 
the formula of reduction vanishes. We must introduce 
a new ihmction to express w^, and w^, w^ ... can be 
expressed by means of this and known functions. 

§60. Now though {{s-ay^du and \(s+a)-'^dii 

cannot be found in terms of known functionw, their 
sum can. 

For by the addition-theorem 

, , 2 sn «i en (t dn ct 

Now each of the terms on the left can be integrated 
since we have found I snw du. Hence if a be so chosen 
that tsn(i=l/u, we have an expression for 

{^-^diJ, or Us-a)-'du+{{s + a)-^du. 

The new function that is introduced is therefore 
only needed to e 



J(8-a)-Wu-j(8+«)-iciu, 



and the one actually chosen is 

f " jt^sn a cna dnct sn^'u 
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TUB FUNULTUN U. 51 

Tliis is denoted by II(it, (t), and u ia called tlie argu- 
ment, a the paraTfieter. 

It has been shown then that any rational function 
of smt, cnu, dnit can be integrated by help of the 
new functions A' and II. The properties of these will 
be considered in the next chapter. 



EXAMPLES ON CTTAPTER V, 
1. Prove that kH si\^udu~\ na^iidu — k'. 



o D iu I. 7'2r t^'"' enwdn-w , ,,0 „ 

2. Trove that h^]- = .,— -■-'rlc^u—liu. 

Jl— snu 1— snu 

3. Find f f" , (,^^, f, ''" , f-,-^^- . 

Jl+A;snu J/c +dnu Jl+cnu Jl — dnu 



■ k'-^'^"-^i^l+kEnu' Pfc'^ k^ k\k' + duuy 
sn w. dn It , „ 1 / t:- \ sn 'M. en u 
l+cnit k^^ ' 1— dnu 



rsnctcnadnctdw^i-,, ,, sn(a + u) 

sn^it — Mi^a — \ > ) z b gj.j'(( _ ^y 

Prove that 
lnsudM=logan^u — logen Ju— logdn^tt, 

Ics Wiiu = logsn^u+logcn Ju — logdn \u. 

Ids iicJi!. = log fin ^u — log en ^i(-+log dn ^m. 
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ELLIfTlC I'UNCTiUA'y. 



6. Verify the fonnulae 
f sn a en a dn ft dn^u du 



= IL{a,a)+^log 



cn(w + ft)' 

r A^n'tcna dn a cn^u ctu _ \ r i i '^^"('!'' ~ ^) 

7. Prove that 

II(fcj[,/M, l//t;) = n(u,ft,70. 

irt„ ^ 

^ en(M + a) < 

tlie iiiorluln« on the right being /■■ throughout. 
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CHAPTER VI. 



ADDITION OF AEGUMESTS FOR THE 
FUNCTIONS E, U. 

§61. Expressions can be found for E(Uj + n^) and 
11(1*1+^2, a) in terms of functions of %j and itj. 

As in the former case, suppose Vj + u^~h,& constant. 
Take the function Eu^+Eu^. 

Thus Eu-^ + E1l,„~ll?8J8^snh is constant, and putting;' 
U( = fc, T<2 = 0, we find ite value to be Eb. 
Hence 

Eu^+Eu2 — E{v^+v,2) = Ji^^iviiii^Bnu^^n{u^ + v.,^). 
It follows that 
Zu, + Zu^ — Z(Uj + Ug) = k^an ■w.jsn M2sn(it, + u^).. 

g 62. Putting u^=K we have 

S(m + it) - -^w = ^ - ''i^^sn It en(u + K) 
= E—l'?finu<idy. 
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54 ELLIPTIC FUNCTIONS. 

E(u + 2K) - K(u + K)^ E-muiu+K)sYi(u + 2K) 
— E-\- k%n u cd ii. 
E{u + tK)-Eu = 2E. 
Ptenco E{v. + ImK) -Eu = 2mK 

Z{u + 2viK) = Z-u. 

§ 63. Let us apply Jacobi's Imaginary Traiisf ovula- 
tion (5 21) to Eu. 
We have 

£'(<«, M) = X'dnK<u. £')*(- (fdc^Cu, h)du. 

„ cl sn.ud.nv. , , JO 5 , sn^wdn% 

iSow -, — — = dii% — /rsn%+- -- , 

du en u cqHi, 

= tle%— /c^sn^ii. 

Honee E(ai, k') = t hiw — i-^"', 

^ ' cnu 

tlie modulus when not expressed being k ; no constant 

is added for both sides vanish with u. 

Thus as cnir=0, EiiK, k!) and therefore also 

EiiK', k) are infinite. Let us find the value of 

E{K+iK',k). 

E(K+u) = Eu+E-k^nUBii{u + K) 

= Eu +E— k^sn 11 cd u. 

Thus 

,E{K+u)+E(,u,k') = i(u + E) + i8nuldcu~k:'cAu) 

Put now i A" for u, and write 

£" for E(K', ky 
Then ,E(KJr,li')-E = iE-K', 

E(K+,Il') = E+.(K'-J!r). 
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THE FUNCTION E. 55 

§64 SincG 

£(-^+ ^i) - -fi'W' + -E" - /c'sn w sn(ii. + ;0 
we have 

Thu8 E{mK) = mE if m is any whole number. Also 

E{u+2mK)- Eu = E{2mK)--2viE. 
In the same way 

Em(K+ iff') = mE{K-ir iK')=mE+im{K' - E'). 

E(ii+2mK+2m,K')-Eu = 2mE+2mi{K'~E'). 
Thus 

Eiu-i-2mK +2niK') = Eu+'2,mE +2ni{K' ~ E'). 

This equation shows that the effect on the function 
Eu of adding any multiple of 2/C or 2iK' to its arjj;u- 
ment is to add the same multiple of 2E or 2i{K' — E') 
to the function. 

§ 65. The quantities E, K', E, E' are connected by 
an important equation which we shall now prove. 
Clearly 

K{E{K+jK')-E] = [""(r^dW dii^df. 

,K'.E^\ f\ dn^^rfuW 

Thus 
K.E{K+iK-)^(K+,K')E={''{''XL^u~dn^)dwdv. 

K 

The right-hand side may be transformed by piitting 
sn u sn V = a;, dnuAnv = y. 
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6 ELLIPTIC FUNCTIONf^. 

We have 

d(x,y)_\ cnudnusnv, —k^naucnudnv ! 
'd{u,v) I cnti dni; anitr, — fc%n v en i; dn ia | 
= — fe^cn u en v(sn^ dn^it — sn% cln%) 
= en w en i;(cln-i> — dn^it). 



Now h^cnhi, cn\! ~y^ = k^]<^^ — If^, 

Ro that the transformed integral is 

Wkdydx 

Aa to the limits, snii takes all real values from 
to 1, and an it all real values from 1 to 1/k. 

Thus, if a; has an assigned value >l,snu and snw 
are nearest when 

snii = 3;, snt!=l, 
and furthest apart when 

sn w = Ijk, sn v = !cx. 
Tlie value of y will therefore range from 

J(f(l-k^x^f to 0. 
For y^ = l + }{f^~2k^x-k\snu-mvf, 

which ia least when sn u and sn v are furthest apart, 
and greatest when they are nearest. 



«), if a 
are nearest when 

smt=l, sn9; = a;, 
and furthest apart when 

sn u — Ijk, sn 1) = kx. 
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VALUE OP AK INTEGRAL. 37 

The vaJue of y will therefore range from 
lc\l-Wx^f to still. 
The integral w, therefore 

'■'*^* hdyd^ ,, , . iiv 
2 f, that IS, - -^. 

Any doubt there may be as ta the sign of this result 
is removed by the consideration that in the original 
double integral 

dn V > Zi' > dn w , 
so that the subject of integration is always negative, 
while dit is positive and dv has the sign -f-i. 

Hence K .E(K^-iK')~{K+iK')E=-li-K. 

Substituting the value that was found above for 
i;(;f + Jn, wehave 

% 66. Tiic following result will be useful after- 
wards: — ■ 

^Eii du = i{KE-\og k"). 

We may prove it thus 
^Eudu= \^E{K~u)dn = \[ {Eu + E{K ~u)}d,u 

= U { A' + Ichu u an A' sn(Z' — w) ) du 
^iKJi-llogdnK-HKE-logky 
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58 ELLIPTIC FUNCTIONS. 

ADDITION OF ARGUMENTS FOR THE FUNCTION H. 
§67. Again if ^(j + U3 = &, 

_ fc%n tt en a dn os^* /^n a en a dn oSj^ 
~ 1 — Psj^n^a 1 — k^s.^sn^a 

Now we have seen that 

What we have to do is therefore to express «i'' + V 
in terms of SjS^ and 6. Now 

= GiG^d^d^i 1 + Ic's-^s^) — SjS^(k%^\^ + d^d^), 

= 2Sj82CiC^djd2 + s^^^d^ + S^G^d^. 
So that 
(1 - kW^f{{l + kW^)sa?b-2siSsCa. bdnb] 

which reduces to (\~W8iS^)\s^-\-s^). 

Hence s-^-\-sl = {\-\-kh^s^)sri^h~^i«-^s^Gn.hdmh, and 

j^{n(,.„«)+n(„„a)} 

kHn. actio, dn a sn 6 
^ " \-k'^^^a{{l+les^^8^)&rl^>-'2.^<^s^mb(hlb]+k\\^xl*a 
d , , 
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THE FUNCTION U. 59 

The denominator 

= (1 - fc%n^ffl sn^i) + 2k\8^ . snhi en 6 dn h 

+ fc*8|%g^sn^a(sn^o — sn^b) 
= (1 — fc^sn^o an^&){ 1 +Z;%iS2sn a sn(ft + 6)} 
{ 1 + ^^Sjsn a sn(a — b)}. 
The numerator 

= J(l — k^sri'a sii^b)Ic^Bn a { sn(a + li) — sn(a — h)}. 
Hence 

-^^{nK,a)+nK,a)} ■ 



2 l+i*(iiSa8n«9n(« + 6) (^tti 

1 A%n a sn(ffl — fc) ^ , , 

2 l + /c\s3Bn(isn(a — 6) (^Wj ^ 
_ 1 d , 1 + fc^^S gS n g 8n((i + h) 
"" 2 dw^ ^^ r+F^na^n(ct^ 6)" 

Integrating then, we have 

n(Mi+u„ a)-n{«i, a)-n(u„ a) 

_ , , l+fc%ii(jSnu2Siia8n(u^+«2 + fO 
~ ^ ^ 1 — /c%n ttjsn iigsn a sn( 14 + w^ — «)' 

§68. There is anotht^i mteiesting pi-operty of the 
funetion 11 which we whall now prove. It connects 
n('!t, a) with n(a u) the same function with argu- 
ment and parameter interchanged. Wo have 



1 — k^tmhf, sn^tt 
= fc%nc[snn{sn(u+a) + sn(u — a)}. 
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60 FJ.LTPTTC FtraCTTONS. 

Thus 

2 -Vn(w, a) 

=fc%nu{8n(w. + a.)enadn(t + sii(icn(ii+«.)dn(ii + a)} 
+ ^%nu{sn{it-(i)cai«dn«~sna.cn(u-«)dn('j(.-ft)}. 
But by the addition-theorem 

_ 8n^(!i-i-a) — sn^fl 

8n{u + a.)en a dn a -|- sn a cn(it + c[)dn(u + r i) 
_ sn\u— a) — Bii% 

sn(M — a)cn a dn (s — sn a en(u — rt)i:ln(n. — re)' 
for u = (u -|- a) — It — (m — a) + a. 
Hence 

■a ^ ' 

= 2 dn^a - dnV - «) - dn^("'+ <j)- 
In the same way 

2;:r^II(a, •(*)= 2 dn% - AnHa -u)- da^a + ii,), 

30 that -^{n(w, ((,)-n{ft, w)j =dn^a.-dn%. 

^{n(it, a)-n(«, w.)} = «. dn%-£u, 
for n{0,o) = n{a, 0)=:0. 

Finally then n(M, a) - n(a, m) = !(. . i'a - ct . Eji. 
This may also be written uZa — aZu. 

EXAMPLES ON CHAPTEE VI. 

]. Prove that E{u+K)-Ev, = E+^- logdnu. 
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EXAMPLES. Vl. 

2. Prove that 

3. Prove that 

cm 

4. Prove that ;fcS(;fc!(., ]/k) = Eiu, k)-k'^a. 

5. Prove that 

kE(,ku„ tk'jk) = iu-iE{u, k) + ikhn(u, kjcdiv,, k). 

6. Find the values of ElK, E{iK', E\{K+iK'). 

Ana. K-S+l-Zc'), K''^'--^+H-/0. 

7. Show that 

ll{K-\-iK\ a) = (K+iK')Za + i7ral2K. 
S. Prove the formula 

2U.(u, a) = 2uEa - [ Ev dv. 

9. Verify that 

2n(tt, |ff) = u(l-fe') + Iog<in(w+i-K')~iiog/c'. 

10. Pix)ve that the limit when a is indefinitely 
diminished of II(m, a)~a is u — Eu. 

11. Show that Enu — tiEu is equal to a rational 
fractional function of sn w multiphed by en ic dn w. 

By partial fractions or otherwise show, that 

where N,t denotes the common denominator in tlie 
s for sn n^u, en nu, dn nu. 
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62 ELLIPTIC FUNCTTONS. 

12. Ill the same way prove the forinuUi (n being odd) 

13. Prove the formula for addition of parameters in 
the function TI, namely, 

Jl{v,,a + h)~n(u,a)-Xl{n,b) 

_,. 1 + ^^sn g 8D fc sn u sn{u j-a-j-b) 
~^ ^ l + k%ausabsnusn{u—a — b) 
— khb snasnb an((( + b). 

14. Find the value of ^11(11, a) and prove that 

n{it, u) -= uEu -d Ev dv. 

15. Prove, by putting it + t' = 2r, it — y = 2f, and 
integrating, that 

n(w, a)+n(v, a)-n('in-r, «) 

_ , , {1 - /c^n^r - a)sn^i 1 ( 1- /c^an^l i' + a)^y?r \ 
-2 log |i_/c2a„'^,.+(t)sn^(}{l-''^'^n-V-<t)snV}' 
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CHAPTER VII.. 
WEIEESTKASS' NOTATION. 

§ 69. Kor some purposes it is convenient to use the 
notation of Weierstraas, which we shall now explain 
shortly. 

We write ^u, for a^ns^au+^S, where a is any con- 
stant and ^ is a constant which we shall cleteiinine. 

Differentiating, we have 

f'y = — 2a%8 av, cs au ds nu. 
AIho ca^au = ns^au — 1 , 

Thua i^'uf = i{pu- lS)(^u- ^ - «')(s?tt -&- u^Jc^). 

Now choose so that the coefficient of g)% on the 
right may vanish. Then 

and (j)'uf-Vu-(/^s3tt-(/3, 

where 

a = - 4/30 + o') - !«/?+ o>K') -MI3 + a'-)(J3 + u'i'), 

S,- */30 + a'X/3+a4'). 

The equation 
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64 ELLIFi'IC FUNCTIONS, 

with the particular equation 

constitutes the definition of Weierstrass' function fii,. 
§ 70, Conversely, if fv. = x. 

The periods of the function jaw are iKju, %K'ja. 
They are denoted by 2(b, 2(o' respectively, and their 
sum by 'iw. We then have 

pa> =/3+a^ =£1, aay, 

9<»'=^ =63, say; 

and e^, c^, e^ are the roots of the equation 

in dtaconding order of magnitude. 
Thus f'w = jo V = f'w" = 0. 

§ 71. We may write f{'u,, g^, g^) for ^a when we 
wish to specify the quantities g^, g^. 

Thus if we put fia for a in the original definitions 
ftb is changed into fi^fiM, and g^, g^ are changed into 
lj.*g.&nd ,i%. 

Hence fi^', g^, gs) = l^\{li-^, IJ-~*9i, IJ- %)- 

In particular 

K'». fe ^'3)= -K'''. £^2. -^3)- 
Also by a second differentiation we have 
2f'v.fv. = 12s»%S''ii - 3#'w, 
S3"u = 6pV-iPa. 
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WEIEItSTRASS' NOTATION. 



§ 72. The addition-formula for fu, is < 
from the formula 



For ns^(Vi -f- i^a) = '■ I'^a^-^ J p Z. ^ 

(—J 2] ns^ti^i + tig) 

=(t-f)'-(^-^T(i7+;?->-'4 

This, translated into Weierstrass' notation, as ex- 
plained in §69, gives, if we take Vj^ = an; v^ = av, and 
remember that 1 +k^= - 3^/a^ 

j,(,, + „) + ^^ + S,„=l(^^y, 

the formula soiaght. 
Again, 

2\^u — fv/ 2 (^tt — fvf pu~^v 
Now g»% — ^' V = 4(^U — phi) — J/aljau — gw), 

«o tut |-i':±=si»=2(2p„+i,„)-i(p'»--fi''y, 

J / , \ 1-3 p'u~p'v 

and P(^''+^) = S'^ — n^^ — — - 
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66 ELLIPTIC FUNCTIONS. 

§ 73, Instead of the function E or Z, Woierstraws 
uses ^u, defined by the equation 

* It J \U^ " / 

Differentiating, wc find 

The term ■ ■ is put outside the sign of intiigration 

because ^it is infinite at the lower hmit, but fu, — -s 
is finite. 

The value of ^(u+v) is found as follows : — 

2'dufu-pv' 

where is a quantity independent of li. 

Also fu— - =0, when '«. = 0: and for the same value 

of u, la'uH — :, = tl, and fju ^ is finite, 

G. 

Hence ,,.. . ., ,.. ,. „ 

The definition of f shows that since js is an even 
function, t, is an odd function. Thus 

and if it+ii+^y^O, 



Thus t; ■ + — is zero when it == i 

2 jju — jju "' 
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EXAMPLES VII. 67 

X ff'-t) — giw 1 f'w — <^' u 

~ 2 ptJ — J3W ~ 2 jaic — fv> 

The theory of these functions will be found de- 
veloped in Halphen's Traiti des Fonetions Elliptiques 
et de leurs Applications (Gauthier-Villars). 

EXAMPLES ON CHAPTER VIT, 

1. Prove that 
{p('U,+o))-S3w}i8*u-s*ft,}=(S>«>-^u.'K^«)-po)"). 

2. If v,+v+'w = 0, show that quantities a and b 
may be found such that 

p'w = afv, + 6, 
^'v ~ a,fv + h, 
•ff'w = a^w + h. 

3. In the last question prove that 

a=-2(^it + fv-|-fw;). 

4. If the equation 4^—g^—g^ = has only one 
real root, prove that one corresponding value of h is 
a complex quantity whose modulus is unity, and that 
in this case fc^snufe"* is real if u is real. 

5. Show that 

6. Prove the formulae 

(1) {.^+^{u^o>)\['^{u+o>)-\-f{v,-\-„,")] 

= — 4g>wj)2tt— 'Ijiw'S'a)". 

(2) f^^u = fu-^{'^u,-e^'^(fu-e^)^ 
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68 ELLIPTIC FCNCTIONS. 

7. Writing >j, >;', rj' iov fto, foi', ^w", prove the formulae 

(1) ^+<;' = V', 

(2) f (ii + 2mw + 2i)i'w') = fw + Sm^ + 27iir{. 
if m and wf are integers ; 

(3) riw'~i{w = lnr. 



(4) 



p|7) <^7; = {w - o/),, + j" f . d?; + ^ log '^-- 



= (iH-|w)-; + iIog(s3W-ej} 

-ilogK-e,>{e,-e,), 
(5) 2;^w = ;u + a^ + <^} + ^{u+o,') + ^(u-^"). 

8. Show that 

9. If a and h have the same meaning iik in Ex, 2, 
show that 



dx °^'x+afx-\-b jKC — g>it ^ — fv jra;— jra) 
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CHAPTER Vm. 
DEGENERATION OF THE ELLIPTIC FUNCTIONS. 

§ 74. For certain values of the modulus the elliptic 
functions degenerate into trigonometrical or expo- 
nential functions. 

Thua let k = 0, then dn tt = 1 always, and 

d 

T- sn u = en u, 
cm 

where cn^u + sa^u = 1 , 

and snO = 0, cnO=l, 

Therefore snit is sin w and enu is eosw (§6), 

Eu^u, K = E = \ir, Zu = 0. 

§ 76. The six related moduli in this ease are equal 
in pairs, the three values being 0, 1, oc . 
If lc = \, then dntt = cn %, and we have 

T— an It = en V = 1 — an^it., sn = 0. 

Put sn ^t = tanh Q and we have 

sech^e^^ = 1 - tanh^e = sech^fl. 

Thus 9 = u, as they vanish together. 
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70 ELLIPTIC FUNCTIONS, 

Hence 6x1(1*, l) — ta,nhu, 

cn(n, l) = cln(M, l) = sechu, 

E(ii, 1)= rW(u, l)t!w = sn(fi., l) = tanlii^. 

K is the least positive value of w for which secii u = 0, 
that is K= 00 , 

Z(ti, l) = tanhM.* 
§ 76. For the case when fc= co we have 
811(11, /c) = -5- snffcu, -;J = r8in/cu, 

cn(u, fc) = cln(/i;w, rj^l-, 

dn(w, /e) ^ en ( fcti, 7;] = cos /cit. 

These formulae show the behaviour of snit, cnu, 
dn u when u is a quantity comparable with 1/k. 

The table of periods for the related moduli (§ 27) 
shows that in this case both the periods are infinite, 
their ratio being —1. 

§77. When k = 0, the real quarter-period is finite, 
its value being Jtt ; the imaginary period is infinite. 

When k — l, the imaginary quarter-period is finite 
and equal to ^wt ; the real period is infinite. 

It may be shown that in this ease the limit o£ 
K-7-\oghf is finite, and in fact = —1. 

*The notation BgK, ogii for 8n(w, 1), cn(u, 1) is sometimes osed, 
in honour of Godermami. As however the funotiouK have names 
already, being the hyperbolic tangent and secant, we bave not used 
the others. 

The function areein tanh a is generally called the Gudarmannian 
of V, and written gd 11, (See Chrysliirs Algebra, chap, sxix., 
§31, noie.) 
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DEGENERATION. 71 

For we proved that 

i(A7t'-log/0=f Eudu. 

Thus \{EK-^K-\o^k')={^{Eu~-[)du. 

Alao ^(u, 1 ) - 1 = tanh u-\ 

^-2e-^V(l + e-n 
so that \{E{u, l)-l}dtt = lof,Kl + e-^'')= -log2, 
between the limits and co . Hence 

Limis^iiKjiog fc') = Li'm — 9-370 -^I'Jg fc' = — 1 , 
as £^= 1 in the limit. 

EXAMPLES ON CHAPTER VIII. 

1. "When Ic vanishes, prove that 

ncu,«+,z')=«cot«+iiog^|^>. 

2. Show that 

II{«, a, 1) = ^ log cosh(w—(*)sech(tt+o)+u tanh ffl. 

3. Prove that the degeneration of jwt takes place 
whene'/ = 27sr/. 

4. Show that gd(! gd It) = (t4. 

5. By the substitution 

6 cot 0— ft tan 9 = (a + ^)cot (j>, 
prove that 

Wa^n^e + h^cos^ey^de = Wa^^sin^e + \^cofi^S)~^de, 

where la^ — n-^-h, h^^uz-b^, and a,h,a-y,h^ are all 
positive. 
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ELLIPTIC rUNCTlONS. 



6. If in the last question ct,, b^ are formed from a^, b-^ 
as these from a, b, and if this process is carried on, 
show that in the limit, when n is increased indetinitely, 

a„ = b^ = ^l {^{a^coB'e + b-'siri^ey^cie. 

(This quantity is Gauss' Arithmetico-Geometric Mean 
between a and b.) 
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CHAPTER IX. 

DIFFEIiENTIATION WITH RESPECT TO THE 
MODULUS. 

§ 78. The elliptic functions depend on two variables, 
the argument and the modulus. We must now show 
how to differentiate them with respect to the modulus. 

Write s, c, d for snu, cau, dnu, and let o-, y, S denote 

■b 3 a , 

^mu, ^cn«, -^dnu. 

Since then -, - = cd, 

ail 

we have j— — yd+cS. 

Since 0^ + N^ ^d?+ k^s^ = 1 , 

we have cy+so-^O, dS+ks^ + lc^sa- — 0. 
Eliminating y and S, 



No- 



du 
d^ 



dvAcdJ d? 
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Thus 



74 ELLIPTIC FUNCTIONS. 

d I IT lcsc\_ ko^ _Jif^—d^ 
duXcd k'^dJ~' k'^ kk'^ ' 

'^'^'^ cd~Wd'^Tc~W^' 

each side vanishing when tt = 0. Hence 
3 anu _ ifc 



j^sn w cn^it + y en tt dnu 



3 en It ^ » w 1 -5'w , 



3dntt ^ o J r . ^'' u 

, -^ — r^an^'udn «. — fcusnitciiit+pg-a^'' 



S 79. From the last we may further find ~t,E''^i as 
follows ; — 

::-^-,- = ;-r dn^ «. = — TTaS^ii'^ — S/cu . scd + y-,T,^-i4 . scd. 
?iu?>k dk k' k' 



-f- (Eu . s^) = 2Eu . scd+s^d^, 

■^t<,.s^ = 2u.8cd-{-s\ 
du 



'c^Eu d iJcs^„ , n . lcscd~\ 



-0fd'+kif-p{ 
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DirFEKENTIATlON OF THE PEEIODS. 
Integrating, 

~tEu= —-p^cnHi,Eu — kusiihi-\-j-^sn.u cnu t 
since again both sides vanish with u. 

§ 80. Theae equations enable us alao to find 

*^ ^ ete 
dk' dk' 

We have cn(if , fc) = 0, and therefore 



by dmerentiatmg, ihua -jj- — — rjJl ' - 
Again, when « = if, ^Eu=—kK. 



dE 

- — K/v-r 

E-¥'K E-K 



Thn. -^^,-_-,„.-ru„-„^ 



-i:K+- 



" k 
Alao 



cjg' E'-k'K' dE'_E'-K', 
dk' ~ H» ' dli '~ir' ' 
,. , dK' k'K'-E dE' k(E'-E') 

"""' dk — B^^-- -dir—g^' 

§ 81. Again 

_E~K_ 
~ k 
-kK. 
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76 ELLIPTIC FUNCTIONS. 

Putting le' = c, h"^ = c' in this we have it in the form 

dc\ dcJ * ' 
which is unchanged if c and c' are interchanged. It 
must therefore also hold when K is put for K, as can 
easily be verified. 

The most general solution of the equation 



U^-'^h'" 



is accordingly y~AK+BK', 

where A and B are any constants. 

§ 82. In the same way 

d!c\ M ) " dk dk k ki^^ k"^ ' 

This equation is not satisfied by E' also, but we s 
(g 63) that 

E(K+iE') = E+t(K'-E), 

so that K'—E' is suggested bb a second solution. 
Now -|(r-£-).-f. 

Hence the most general solution of the equation 

is i = CH+D(K'^If). 

C and D being any constai^ts. 
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EXPANSION OF THE PERIODS. 77 

S 83. The differential equations just found for K 
and E may be solved in series, and thus the expansions 
o£ K, K', E, E' in powers of k may be found. 

T.te b{(*-'<-)|}=%. 

and put y=-'y\l*-J'>'^^', 



for the exponent»s of k in successive terms must clearly 
differ by 2. Then 



ffl{»-'')|}-'!' = »W«- 



dkV 

The coefficients are therefore given successively by 
the relation ixr=\ — -t- o. " ) f-r-u ^ii*i ^^ values of s 

by the equation 8^ = 0. This equation has equal roots, 
so that we find the second solution by differentiating 
the first, namely 

;., v (« + l)V+3)^..(s + 2r- I)S 
^1 {s + 2Ks+4)^..(s + 27f 
■with respect to s before putting in the value of s. 
Hence, if 



...2r / 

3 4+-" Yrr • 



- /1.3...(2r-l)' 
and y2=i/ilogfc + 22^-^ - 274;;72f~- 



the complete primitive is 
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78 ELLIPTIC FUNCTIONS. 

§84. We may therefore chooae A and li ho that 
this expression shall be the value of K or K' . 

Now we have seen that when ]z^^,K = \ir. But 
y^ = l, 1/^ = 00 for this value of /c. Thus 

if=4...=|{i+(l)V+OV+,..}, 

Suppose that K' = Ay^-\- By^. 

§ 85. In the same way, from the equation for E we 
may find series for E and K' — E', or we may use the 
formulae 

E = k'^K+WHKjdk, 

K'-E = k'^K' + IcI^HK'Idlc. 
Putting ^^ = (i-;^)(^^+^^). 

we find J'j — ^-jrs^, 

'" 5> 2«4." ■•■ i'A'...(2r)' ■■■' 

Hence E' ^A(y^ ~ 3^) + B{y^ - z.^) ; 

and as when k = 0, 

E = l, y^ — Zj^ = 0, and i/^ — 3^=— 1, 
we have B= —i. 
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EXAMPLES IX. 79 

§ 86. A, as well as B, may be found as foUowB ; — 
We found (§ 66) that the hmit of ^{EK- IK- log k'), 
when fc = l, was —log 2, 

Thus in the limit, when k= 0, 

-2(A;/i+£y3)-log)t+21og2 = 0. 
The coefficient of logfe on the left is — £^ — 2£~1. 
This mnat vanish, so that, as we found before, 

B=~l. 
The absolute term is - AB — ^A+'l log 2, This must 
vanish, so that 

^ = 3 log 2. 
Hence K' — S^j^log 2 — y^, 

A" = 2(yi-gi)log2-(j/3-2,). 
It is noticeable that the series y-,, z^ are hyper- 
geometric. Thus, in the notation of 1 
series. 



EXAMPLES ON CHAPTER IX. 

1. Prove that K increases with k so long as the 
latter is a positive proper fraction, while E decreases 
as Ic increases. 

2. Show that 

and henee iind :^Il{u, a). 
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80 ELLIPTTC FUNCTIONS. 

3. Prove that if N^ is the common denominator of 
sanu, cn-Jitt, Annu, and ie equal to unity when w=0, 
then 

+ »'(«■- l)ff,t%n'«= 0. 

4. Writing X for sntt, tranafonn this differential 
equation into tlie following, in whicli 3; and k are the 
independent v 



"{(2ii'-l)J;'Cl~ai')-l+&»)+«'(»"-l)JyjW=0. 



(For Examples 3 and 4 use the result of Ex. 11, 
Chap. VI.) 

5. Show that 

= P'MSftf". - ia") + %!?'» - SSiC" - fh'- 

6. Prove also that 

and that 
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EXAMPLES IX 
1. Show, by differ entiating the equation 

or otherwise, that 

(£'2 -STcj-g^)^- -i«!<ji + i>ig^, 

8. Prove also that 



9. Verify by differentiating that BK' + E'K-KK' 
and ijui' — ij'w are constants. 

10. Interpret the following differential equation, 
satisfied by ^u :— 



11. Verify the values of -rr and --jj- when one of 

the related moduli h', Ifh, l/k', ikjk', ik'/k ia sub- 
stituted for k. 

12. Deduce the expansions of K and E in powers of 
k by means of the equations 

K = C{1 - khin^ey^dd, E^{\l~ k^inWyde. 

13. From the equations of Ex. 12 find the values 

„ dK , dE 
01 ^iT- and -^r- 

dk dk 
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CHAPTER X. 

APPLICATIONS. 

§ 87. The usefulness of the Elliptic Functions con- 
sists chieiSy in this, that by means of them two surds 
of the form (a + 2^x + ya;^)* can be rationalized at 
once. One such surd could be made rational by 
an algebraical substitution: thus {1 — x^}^ becomes 
(l~y^)j(l + y^) if -lyKl + y^) is put for x, and (1+x^)^ 
becomes (l + J/^)/{l— y^) if ^t/fi^ — y^} is put for x; 
but generally speaking no rational algebraical or 
trigonometrical substitution will rationalize two such 
surds. 

§ 88. Let tlie two surds be n and a- where 
8 — a+*2bx +cx', (7 = a + ^l3x + YX^, 
We shall suppose the coefficients in s and u to be I'eal, 

Also let S^^A + ^Bx + Cx"^ 

where A, B,0 are found from the equations 

Ac-2Bb + Ca-^0, Ay - 2£^ + Oa = 0, 
90 that in fact 8—\ i —x x^ \. 
\ c b a \ 
1 y /3 a 
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APPLICATIONS. 83 

Let f, ij be the two roots of the equation S=0, 
Then it is known that s and tj- can both be expressed 

as sums of multiples of squares of x—^,x — ij, and in 

fact it is easily verified, since 

that sii-v) = (c^+h){x~.,)^-{c,i+b){x-ir, 
and ^{^■-,i) = {y^+^)(o^~'if~{yi+m^-i'f- 
Also by tracing the rectangular hyperbolas 
a+!>(f+l)+ of,-0, 
a+«f+,) + yf, = 0, 
each of which has the line f = tj for an axis, it is at 
once seen that the values of ^ and »; which they furnish 
are real except when the line £=»; is the transverse 
axis in each, and,«ach hyperhola has one vertex lying 
between thtrae of the other. This is the case in which 
s = and o- = have both real roots, arranged so that 
one root of each falls between those of the other. 
We see also that in the identity 

B{i-v)=i''i+^X^-if-i<^i+b)i^-0^ 

the product of the coefficients of the squares on the 
right is — {c^f») + 6c(^+j/) + !»^}, that is ac — b'^. 

Hence s is expressed eis the sum of two squares if 
s = has imaginary roots, as their difference if 8=0 
haa real roots. The same holds for <r. 

If then ^ and jj are real we may by the real rational 
substitution y = (x — >])l{x — ^), express s* and o-* in 
terms of y and two surds (±l±K^y^)*, (±l+/i^7/^)*- 

§ 89. Such a surd as ( — 1 — k^j/^) will be imaginary 
for all real values of y. The other cases we shall 
take in turn. 
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I. To rationalize (1-«V)*, (1-mY)^. (Talce ,c>^.) 

then (1 — fcY)^ = cnif, {l — p}y^y = d'au. 

II. (i-<y)4, (i,+,.>j,v. 

Put jcy = cn-^u, - ■- -A, 

then (1 -KY)* = snw, (l + //V)* = -V^+0^dnM. 

m. (l+icV)*, (1+p.y)'. (Take,>^.) 

Put ,!,.Bc{«,5^-l'^'}. 

then (1 + i^y^)^ = nc u, (1 +m^;/^)* = cle u. 

IV. (kV-1)^ (I-mV)*- Here ;; must > ^, or 
both surda cannot be real. 

Put ^i/^dnlu /"^'^'^ -}. 






Put kv = nci Jt, 1 



then (.y-iy.scii, (i+mV-) ■ 
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VI. (^V-lA if-Y-^'A (Tako^>/.,) 
Put ij.y = ns\v,, -V 

then (k^i/~1) =~dBU, {/j?y^ -if = csu. 

In each case the valut; of x is given in tcrnis oi' it 
by substituting for y in 

^=iyi-i)liy-n 

It hartliy need be said that if ^ were infinite, we 
should put y = x — n, and then we could go on as 
before. 

§90. K ^=ij, the process faila. But in that ease 
s and cr have a common factor x—^. 

Let S^(x-i)(cx + d), <r = {x-i){yx + S). 

cx + d „ Sy^-d 

Put ——^=V, ic= - — •<■ 

yx + S ^' c-yy^ 

Thus s(c - yy^f = (Sy'^ ~d-ic + iyy^){cS - dy)f, 

o-(c- yff - {Sy^ -d-ic + iyy^){c6 - dy), 
so that 6' and o-* can be expressed by means of a 
single surd of the form (A + By^y. This surd can 
again be rationalized by putting 

2™ 






Hence if i^i/, the suixls can be rationalized by an 
algebraical substitution. 

§ 91. The above does not apply to the case when 

8=c(x-d){x~eX ^ = y{x-S){x~e), 

d, §, e, e being real quantities in order of magnitude. 
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In this case put 

x~d „ Sv^ — d 

Then s- c{S~d)yms-e)y'-i''-')]My'-1-f, 
^=y(S~d) t(S-,yy'-(d-,))*(y'-l)'. 

Thus s^ and <t are expressed by means of two surdw 
only, and those of the form {Ay^+B)^, which we have 
already shown how to rationalize. 

§ 92. It is easy to verify, and important to notice, 
that in each case ;7— is a constant multiple of s*o-K 

§ 93. An expression of the form 

ax*+^a^+yx^+Sx + e ( = Z,say) 
can always be expressed as the product of two real 
quadratic factors by the solution of a cubic equation. 
Hence any expression which is rational in x and X^ 
can be rationalized by a substitution such as we have 
just discussed. 

The exceptional case of § 91 need not arise. It will 
not be possible unless the roots of Z = are all real. 
In that case there will be tlu:ee ways of resolving X 
into real quadratic factors, and only one of the three 
will lead to the exceptional case. 

If a = 0, X becomes a cubic instead of a quartie; 
but hy a linear substitution for x of the form 

the expression is made rational in y and F* wliere 

Y=X(u.y + ,)\ 
so that y is a quartie in y liaving !i.y + v i'or one ot 
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its linear factors. Tiius there is no real distinction 
between the cases of the cubic and the quartic. 

§ 94 It must not be supposed that the rationaliz- 
ing of these surds can only be accomplished by tlie 
particular substitutions which we have used, The 
number of substitutions that miffht be used is un- 
limited. We have tried to choose the simplest. The 
comparison of the different substitutions that would 
rationalize the same surd or pair of surds belongs to 
the theory of Transformations, which is beyond our 
limits. 

APPLICATION IN THE INTEGRAL CALCULUS. 

§ 95. When an expression has to be integrated which 
contains two surds, esich the square root of a quadratic, 
or one surd which is the square root of a quartic, 
linear functions being counted as quadratic and cubic 
functions as quartic, then it follows from what we 
have proved that the integral can be expressed by 
means of the functions sn, en, dn, li, 11. 

For the subject of integration can be made a rational 
function of sn tt, en u, dn w by a properly chosen sub- 
stitution, and such a function can be integrated as 
explained in Chapter IV. 

GEOMETBICAL APPLICATIONS. 

{j 96. The elliptic functions have an important use 
in the theory of curves, plane and twisted. This 
depends on the following theorem : — 

The coordinates of any point on a curve whose 
deficiency is 1 can be expressed rationally by means 
of elliptic functions of a single parameter. {Compare 
Salmon, Higher Plane. Curves, ^ 44, 866.) 

Suppose the equation to the curve to be ^"=0, and 
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that it has multiple points of orders, k^, k^..., ita 
degree being ift. Then the deficiency ia 

§(m-lXm~2)-2i/c(A~l), 
and we have S^/i;(& — l)=^m(m — 3). 

Take a syatem of curves of the degree m — 2, each 
having a point of order ^—1, where U = has one of 
order k, and passing also through m — 2 other fixed 
points on the curve. 

The numher of arbitrary coefficients in the equation 
to auch a curve is i(m + lX'''i — 2), and the number of 
conditions assigned ia 1, l}c{k — l)+m — 2, that is 
J(m+ l)(m - 2) — 1. Hence there wiU be one arbitrary 
coefficient left, and as all the equations to be satisfied 
by the coefficients were linear the equation to any 
curve of the system is S+X2'=0,X being the arbitrary 
coefficient and S, T determinate functions of the co- 
ordinates of the degree m — 2, such that S = 0, 2'=0 
are two curves of the system. 

Of the ™(m— 2) intersections of the curves [/'=0, 
.'^-|-X2'=0, £/c(^-l)+m-2, that is m^-2m-2, are 
fixed. Thus only two depend on X. Call these P 
and Q. 

Let A be one of the 571 — 2 fixed intersections of 
,S'+X2' = with [/"=0, Replace A by any other point 
A^ taken at random on the curve. Then we have 
another system of curves S^+Xj2';^ = 0, whose inter- 
sections with (7=0 are all fixed but two. Choose Xj 
so that P may be one of these and let Q, be the other. 
Q_y will not be the same as Q. For a curve of the 
degree m — 2, satisfying aU the conditions above 
prescribed for yS -|- X 2' = except that of pasaing through 
A, and also pasaing through both P and Q, will be 
altogether fixed, and all its intersections with ?7 = 
have been already specified but one. This one is A, 
and therefore it cannot be A^. Hence Q^ and Q are 
different. 
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The three equations ET^O, S+\T = 0, S^+\T^ = 
will therefore enable ue to express the two coordinates 
of P rationally in terms of A, \, and also to eliminate 
those coordinates and find the relation between \ 
and \. 

When X is given, there are two possible values for 
Xi, found by substituting in —SJT^^ the coordinates of 
P and Q respectively. In the same way when Xj is 
given there are two possible values for X- The 
equation connecting them must then be of the second 
degree in each, and may be written 

This equation may be solved for \, the only irrational 
element being the square root of a quartic in X Hence 
this is the only irrational element in the expression of 
the coordinates of P in terms of X, and it may be 
removed by a substitution for X in terras of elliptic 
functions. 

Thus the theorem is proved. 

§ 97. If the curve ie not plane, but twkted, we may 
suppose S+Xr=O,S^+Xiyi = to represent not eiUT?es 
but cones, of a degree lower by 2 than that of the 
curve, Take (7 = to be a cone with any vertex 
standing upon the curve and iS + X2'=0 a cone with 
the same vertex, and having as a (^ — Ip'^edge any 
multiple edge of order k on (7=0 and also having 
«i — 2 fixed edges in common with (/ = 0, 

i\ + XiJ'i = () may then be a cone drawn in the same 
way with another vertex and we may ensure that Q^ 
is not the same as Q as follows : — 

Let the positions of P and Q when X = be P and G. 
Through F and another point H draw a cone with the 
vertex that is proposed for ySj + \1'i = ^ ^'id satisfying 
those of the conditions that Si+S-iIi — d must satisfy 
which are not at our disposal. Take the other m— 2 
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siiMle interaectiona of thia cone with the curve as 
deiming the fixed edges o£ the system Si+\'I\ — 0. 
Then as ff is not the same as H, Q^ cannot in genei^l 
be the same aa Q. 

The rest of the argument goes on as before, the two 
equations to the curve taking the place of the single 
equation U—0. 

The deficiency of a twisted curve ia thus undei-stood 
to mean that of ita projection from an arbitrary point 
upon an arbitrary plane. In general the double points 
of the projection will not all be the projections of 
double points of the curve, but aome at leaat will be 
the interaeetions with the plane of chorda of the curve 
drawn from the vertex of projection. 

§ 98, The simplest examples of curves of the kind 
in question are non-singular plane cubica, and among 
twisted curves the quartics which are the intersections 
of pairs of conicoids, and in particular sphero-conics. 

If X is the parameter of § 96, and u the elhptic 
argument, then it follows from 1 92 that the coordinates 

are expr^aed rationally in terms of \ and -5—, which 

we may call \', and X^ is a rational quartic in X- To 
each value of X there correspond two values of u and 
two points on the curve the two corresponding values 
of X' being equal with opposite signs. 

§ 99. It may be proved that if a variable curve of 
any assigned degree meet the curve in points whose 
arguments are ttj, u^, ... , «„, then 

ii'i-l-'W'2+... + U„ = a constant. 
For let ip-^ = t), 02 = be any two curves of the 
degree assigned. Then we can prove that for the 
intersections of the given curve with ^^ -1- fi<p^ = 0, 
Su is independent of ^. 
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In ^1 and ^2 substitute the values of the coordinates 
in terms of u, and let f-^, f^ be the results of sub- 
stitution. 

Then u is given by the equation 

/i + /*/. = ". 



and ,- = -/a-H -/l-L 

du ■'^ Vl 



Now /i and /^ are rational functions of X and A', 
so that /a-^i/i+A'/a) is also a rational function of 
them, say ^(X, X')-r-Y(X, A'). Its denominator may 
be rationalized by writing it 

i>i\x)x(x -v)+x(^.^')x(*. -n 

Thus since X"^ is rational in X we may write 
/, AJrBX 

A, B, C being rational functions of X. 

Let Ap \, ..., A„ be the roots of the equation (7=0, 
corresponding to the values u^, Uj, . . . , u„. 

Then AjG and BjG may be resolved into partial 
fractions, there being an absolute term in the first 
case because A and G are of the same degree. 

Hence we have an identity of the form 

Now of the two points for which A = X,., only one is 
generally to be taken, suppose that for which X' = X,.'. 
The left-hand side is therefore finite at the point for 
which X^Ar and X'= — Xr'- 

Making this substitution after multiphcation by 
X — Xr, we findpr— g',.X,.' = 0. 

Thus _4 _^ I ^gX Jv'+A/) 
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I£, however, the point (X,-, — X,') ia one of the inter- 
sections we muat have Xj = Xr, X/ = — X,.' eorreeponding 
to w.g, another of the series u-^, u^, ..-, u„. Then the 
equation G=0 has only one root corresponding to 
the two arguments, and there is only one fraction 
(Pr + SrV )/(X - X,.) for both. 

But in this case the equation p,. — ij,.\,-' = U does not 
hold, and we write 

Pr + gA' ^ grV + pr X' + Xr' , g,Xg'+y r' V + X/ 

x-x^ 2x; 'x-x,. ■*■ -AK' ■ X~X«' 

so that the final form is the same. 
The identity 

being thus proved to exist, we may find the value 
of qr in the usual way, by multiplying by X — X,- and 
putting ?i = U(- 



Thus 



rvalue Of /,X'^(^-(| + ^g 



when u,. is put for it, 
= —X/du^jdfx. 
That is, q,.= —^dw:,./d/j.. 

Now give u such a value that X becomes infinite. 
Then X' is infinite of a higher order ; but as /^ and /^ 
are of the same degree, /^-^(/i+M/a) i^ finita Thus 

and ldii,./dfi = i\ 

so that Su.,. ia independent of ^t. 
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Giving /J. the two values and oo , we find that 
Sw-r is the same for the two Cttrves ^i = '* and 0^ = 
But these were taken to he any curves of the a 
degree. Hence the theorem is proved. 

It will clearly hold also if the given curve is not 
plane and ^x = 0, 02 = are any surfaces of the same 
degree. 

§ 100. The facts proved in g§ 96-8 may be applied 
to integration. If i/ is a function of x, and the 
relation connecting them is the equation to a curve 
of deficiency 1 , then any rational ftmction of x and y 
may be expressed rationally by means of the functions 
sn, en, dn of a single variable, and may be integrated 
with respect to a; or ly by means of these functions 
together with E and II. 

§101. Take, for instance, (l-a;^)"^(;a:. 

Put y = {\-3?f, 

so that x^-}-y' = l. 

This is a cubic without singularity, so that the de- 
ficiency is 1. 

Put x-\-y = z* 

Then s^-SiKi/s-l, 

The radical is therefore (ig — z*)^. 

The real quadratic factors of ^ — 4® are 

s(s~2^) and z'^+^h + i^. 

* Here z takes tiio place of the X of g 90, and the caires S-l}, T=Q 

. are respectively the straight line x + j/^Dnad the line at infinity, the 

point of intorseetion of these tivo being clearly a, point nn the curve. 
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The roots of the equation 

I 2s-2^, -#s; 1 = 

j 2^+2^, 2*^ + 2^ I 

are 2-*(-l + V3). 

Hence we put 

that is, z= - {t(JS + l) + (J3- I)} +ikt-l). 
Then 

(l-lW3-2») = 2Vi>(2 + ^3){l'^(2-V3)"), 
(i-l)V + 2'2 + 2') = 2'.3(C + l). 
We therefore take 

.{2-^3)cn(», 

using the substitution H of § 89, since the radical 

ia (4e-s*)^, not (a*-4s)^. 

Then 

z = 2-*(V3-lXl + cnl») + {l-(2-V3)""l 

= 2'(l + cna,)H-{(^3 + l)-(V3-l)cnu}, 

(<-l)M2-2')= -2V3(2- V3>n'», 

(t-l)'(«"+2'2+2*) = 2'.3(2-V3)dn%. 

Tims {t-lj^s\x-yf = 2%*{2 - ^3)^sn-u du^u, 

x~y = 2^3*(2 -J%)muAau 

+2-»(^3-l)(l + cnii){I-(2-V3)cnu|. 
= 2%^snttc]nlt 

+ (l+cnu)((V3 + l)-(V3-l)>:nii). 
AlBOfl; + ?/ = 2^{]+cnu)^{(^/3 + l}-(^3-l)cnw}. 



f.{2-^3)cn(», --^-^-i) 
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From these equations ic and y can he found at once. 
Now if V be written for I (1 — a-^j dm, we have, since 
a? + y^ = \, 

hut ^^(x+y)= -Anudnu{i^S + l) + {J'i-l}} 
^{(V3 + l)-(>/3-l)cnMP 

so that v==2"^ , 3* , tt + conat., 

that is to say, 

[^^^^2-%^cn-^'^''^ + ^>i- + ^^--t^-^-; + coBst, 
J(l-xy (V3-l){a;+(l-iKy} + 2^ 

the modulus heing (^3 - 1)12^2. 

§ 102. It should be noticed that when a is a con- 
atant, the equation connecting an-w and sn(w+a) is of 
the same doubly quadratic form as the one found 
between X, X^ in § 96. 

For the two values of sn(u+a) when sn u is given 
are an{u+a) and sn{2K—u + a}. Their sum is 

2anucnttdn«-i-(l— Jt%n^usn^(t), 
and their product ia 

(sn%— snV()-i-(l— ^^^ttan^tt). 
Hence sn^{u+a){l— 7c%i^M.8n%} 

~ 2sn{u -j- a)sn w en a dn a + sn^ii — sn^« = 0, 
that is, li?Bri'asiihis,'ri'{tb + a) — an^{u+a) — an^u 
■j- 2 aa.(u+a)sD. ucna dn a-f anV, — 0. 
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The same holds for any other of the elHptic functions 
sn, en, dn, sc, etc. 

This suggests another way of integrating Euler's 
equation (§40) which was given by Cauchy. 

Let (pice, y) = be an equation of the second degree 
both in X and y, and let 

^(x,y)=X„y^+2X,y+X^ 
= Y^'^ + 2Y^x + Y^. 

Then |^ = 2{F^ + F,), 

But since ij){x, y) = we have 

( }> + V = ^1^ -^^0^2= y, say, 
and {X^y+X;,^^X^^-X^X^ = X, say. 

Hence ^{x, y) = is an integral of the equation 
X~^dx+Y~^dy = 0, and X and T are quartics in x 
and y respectively. 

Also if in <p{x, y) the coefficients of x^y and xy'^ are 
equal, as also those of ic^ and y^, and those of x and y, 
then (j,{x, y) will be aymmetrical in x and y, and X 
will be the same function of a; that Y is of y. Also 
the number of coefficients in ^ is still one more than 
the number in X or F so that if the coefficients of X 
and Y are known, ^ = will contain one and only one 
arbitrary constant, and will be the complete primitive. 

§ 103. If in a doubly quadratic equation connecting 
X and y we transform x or y ov both by substitutions 
of the form x={e^+f)/(g^+h), the transformed equa- 
tion is still of the same form in the new variables, 
though with different coefficients. 

Now there are three arbitrary constants in such 
a transformation, and they may be so chosen as 
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to make the transformed equation symmetrical, since 
symmetry is ensured if sis coefficients are equal in 
pairs, namely those of x^y, x^, x to those of x-jf, y^, y 
respectively* 

When the expression has been made symmetrical, x 
and y can he rationalized by a substitution for either 
in terms of elliptic functions, the two substitutions 
being of the same form and having the same modulus 
but different arguments. It follows however from the 
differential form of the equation that if u and v are 
the two arguments, 

du= ± dv, w ± u = a constant. 

Hence transformations a; = -4-rT, y = — n c^^n be 
gi+k' ^ ct]+d 

found such that ^ and >j are the same function (an, en, 

dn, Bc, etc.), with the same modulus, of arguments 

differing by a constant. 

*Witli the notation of § 102, it may be proved that the anhar- 
mooic ratio of the roots of X = is always the eame aa that of the 
roots of F = 0. 

For, by putting xy = z, ^(k, j/) may be made ft qnadratic function 
of X, y and 1, so that the two equations s:y-z = (i, ^-0 represent a 
twisted quartio curve. Tlie cone standing on this curve whose 
vertex is any point of it will be a cubic cone and the anharmonio 
ratio of the four tangent planes to it drawn through any one of its 
edges is a constant. (Salmon, BtgMr Plaaie duress, g 167.) Thus 
li A, B, 0, D are any four points on the onrve the four tangent 
planes through AB have the same auharmonic ratio as those thi-oiigh 
BO, and tliese have the same as those through CD. 

Now let A B, OD be the lines at infinity in the planes a: = 0, ^ = 
respectively, these being chords of the curve !cy-z, ip-O. The 
equations X-0, Y-O represent the two ayatems of tangent planes 
and the theorem follows. Another proof ia given by Salmon ( .ffii/Afli- 
Plane CurssK, %'270). 

It follows that by a linear transformation of x the roots of X = 
can be made the game as those of F - 0. Ttiis ia the transformation 
wanted, for it maybe veriiied that^ is symmetrical if the coefficients 
in X are proportional to those in Y. In carrying out this verification 
it is advisable to suppose X and Y reduced to their canonical form, 
in which the second and fourth terms are wanting. (See Salmon, 
Higher Algebra, §203.) 
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§ 104. This applies to any case in which two para- 
meters are connected hy an algebraical relation, such 
that to each value of either there correspond two 
values of the other. There are two or three important 
cases of this which we shall now discuss. 

In the first place, let P, Q be two pouita on a conic, 
such that the line joining them touches another fixed 
conic. If P is given there are two po^ible positions 
of Q, one on each of the tangents from P to the other 
conic. The relation between P and Q is reciprocal, and 
the coordinates of each may be expressed rationally 
in terras of a single parameter. Hence the parameters 
of the two poiats are connected by a doubly quadratic 
equation of the form we have been considering. 

The same may be proved if the tangents at P and 
Q are to meet on another fixed conic, or if P and Q are 
to be conjugate points with respect to another fixed 
conic. It is in fact known that these three conditions 
are only the same stated in different waya. 

§ 105. Jacobi has given a full discussion of the case 
when the two conies are circles, into which they can 
always be projected. 

Take any four points A,a, 0,B (Fig. 2), in order on 
a straight line, and on AB, a^ as diameters describe 
circles. Let the centres be ii, 0, the radii R, r, and 
let Oii = ^. 

Let P, Q be two points on the outer circle, such that 
PQ touches the inner circle at T. Let P'TQ' be a 
consecutive position of PTQ, meeting it in U. 

Also write 
e==BAP, <l,^BAQ, 6 + d6^BAP', 4.-\-d<i> = BAQ'. 
Then BQP^ZB, 

PQP' = U9, 
PP'=2Md, 
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.TACOBI'S CONSTEUCTION. 

pUF.qnq\ 
Fpq.qqp'. 

PFW 

l'V~uq" 

d0_d,p 

PT^tq 

PT' = OF'-OT' 

rQ».i!' + J' + 2Ro-eos2,!,- 




sin 6 = sn(«, k), 

sm^ = sn(ti, h), 

coa = cnu, 

CO80 = cai 1?, 
P2'={(-S+J)'-r«}*dn», 
''0-((B+i!)'-''')'tln«- 
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Also cos OdO — cntt, (In u du, 

d9 = dnu dii. 
Thus du^dv, 

v — v, = a, a constant. 

J 106. K now we put ^ = tan9, ij = tan0, the co- 
mates of P and Q can be expressed rationally in 
terms of £and jj respectively, and we can find the 
algebraical relation between £ and rt that follows from 
the equation v — 'u, = a. 

Take ilB as axis of x, and a perpendicular to it 
from £i as axis of y. Then the equation to PQ is 

a;cos(6+^) + y ain{0 + 0) = iJcos(0-0). 
The perpendicular drawn to it from is r. Hence 

Jicos(0-^)+5co8(0 + 0)-r, 
that is, S + ^ + (E-<S)^); = rsec9 8ec0, 

Putting r/( fl + d) = cn(«, li), 

the value of cos when Q is 0, we find 

{R-6)l{R-\-S) = A.a.{a,k). 

Thus l + 2£,dnffi+^¥dn% = (l + ^^)(l+^2)en2tt. 

Solving the quadratic for ti, we find 

_ -gdn(t + sn«.cnffl(l + ^)\\ + ^^^^)^ 
'' ^*^%n^tt-cn% 

As was to be expected, this is rationalized by the 
substitution ^=sc(w, /c), and becomes 

_ sn u en w dn a + sn a en « dn M 

cn^u cn^a — k'^BV?a sn% ' 

,, , , snwcnudna + snacnadnw- 
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the lower sign being taken in order that the two sides 
may agree when «;=(). This ia justifiable because w 
was found from its en and dn, and therefore the sign 
of an a is as yet undetermined. 

The equation just found ia one of the addition- 
formulae. Others may be written down at once from 
the figure. For instance, 

P2'-|-2'Q = 2iisin(^-e), 
that is, {B+^)snft{dnt(.-|-dni;} 

= {R + 6}(l + (hia)isa.vcaii,-snucnv), 
9n(u+a.)en'«.— sn-w cn(u-|-«)_ sna 
dn{u + ffl) -I- dn u " 1 + dn a' 

§ 107. When the outer circle and AB, the axis of 
symmetry of the figure, are kept fixed, the quantities 
a and k depend on the position and aize of the inner 
circle. It is of some importance to know under what 
circumstances the modulua k will be constant. 

Now k^ = iBSI[{R+Sf-r^}. 

But if s is the distance from ii of the radical axis of 
the two circles 

and 2sS = R^+S'—r'. 

so that s=-2Rj¥-R. 

Hence if the inner circle vary so as always to have 
the same radical axis with the outer, the elHptic 
functiona will have the same modulua. The quantity 
a is then the argument belonging to the other end 
of a chord of the outer circle drawn from B to touch 
the inner circle.. 

§ 108. An interesting case is that in which the inner 
circle haa its radius zero, so that all the tangents to it 
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pass through the inner limiting point of the coaxial 
system. 

In that ease cna = 0, so that a is an odd multiple 
of K, if real. Let L be the limiting point. Then if 
PL produced meet the outer circle again in P-,, the 
ai^ument u-\-K belongs to the point P,. 

Thus u-YiK belongs to P. It should, however, be 
noticed that when the argument u is increased by 'iK 
in this way, Q is increased by x only, so that snu- 
and en u have signs opposite to those they had before. 
The signs of BP and AP are in fact changed, be- 
cause the positive direction of measurement has been 
changed in each case by a rotation through two right 



We have then ma-lU'lBA, 




ai% = APlBA, 




inu = LF/lB; 


and, travclli 


■.ng along the arc PAP^, 




Bn(u + K) = BPJBA, 




ai(ii+K}=-APJBA, 




ini«,+K) = LPJLB. 


Now BP. 


1 = -B4 sin-BPi = BA am PBL X BL/PL 




-FA.BL/PL 


Thus 


m{u+K) = a&v,. 


Also 


AP^ = PB.ALIPL. 


Now 


ALIBL.AnK-K. 


This 


cn(it+Z)= -^'edii; 


aiid since 


PL.LP^-BL.LA, 




dn(w + i!:) = fc'ndw. 



8 109. The coaxial system of circles have a common 
self-polar triangle of which L is one angular point, 
the other two being L' the other limiting point and 
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the point at infinity in a direction perpendicular to 

AB, which we may call M. 

The figure shows that if L'P and MP meet the 

circle again in P^ and Pg, the arguments belonging to 

Pg and Pg are K—u and —u respectively, for P^P^ 

passes through L. 

But since B(i{'2iK'—v^) — seii, every point on the 

circle has two distinct (that is, not congruent) ai'gu- 
ments belonging to it, and the second arguments 

belonging to P^, P3 are respectively congruent to 
2iK'+E+u and 2iK'+u (mod. 2Z, 4>iK'). 
It is now clear that if the inner circle in Jacobi's 
construction is replaced by a circle of the same coaxial 
sytem, but containing the other limiting point, then 
the quantity a, is not purely real but has its imaginary 
part equal to an od!cl multiple of 2iK'. If on the 
other hand a is purely imaginary, its en and dn are 
real, so that the inner circle is to be replaced by a 
real circle o£ the system, but one which contains the 
original outer circle. 

§ 110. By help of the foregoing we can answer the 
following question: Can a polygon of an assigned 
number of sides be inscribed in one given conic and 
circumscribed to another ? 

Project the two conies into circles as before. Let u 
be the argument of one angular point, u+a that of 
the next, then u+2a will be that of the third, and so 
on, and if the polygon has n sides and is closed the 
argument, u+na must belong to the first angular 
point. 

Hence u-i-na = u or 2iK' — u (inoil. 2K, 4iK'). 

Suppose first that 

u+na = '2,LK' — u, 
then u+ a = 2iK'-u-{n-l)a, 

ii,+ia^2iK' -ti, — {n-2)a, etc.. 
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HO that the second angular point coincides witli the 
Tith, the third with the {■Ji — l)th, and so on. Thus 
there is no proper polygon in this case. 

If on the other hand we take u+Tia^u we find 

a^O (mod. ^K/n.iiK' In). 
This condition does not assign any of the angular 
points, but only shows that unless the two conies are 
related in a particular way the problem has no solu- 
tion. If the conies are so related, that is, if a has one 
of the values included in. the formula {'2,rK+4^siE')jn, 
then the value of w does not matter, and any point on 
the circumscribing conic may be taken as an angular 
point of the polygon. 

AECS OF CENTRAL C0NI08. 

§ 111. It is most htely known to the reader that 
the length of any elliptic arc can be expressed in 
terms of the coordinates of its ends by means of the 
elliptic functions sn, en, dn, E, and that it is from this 
fact that the name " elliptic " arises. 

The ellipse x^(a?+y^jb^ = l is the locus of the point 
(a sn u, 6 en u) for different values of the argument w. 

If jS is the length of the Eire measured from one end 
of the minor axis (0, b) then S vanishes with u and 

{dSldwf = (a^cn% + 6^%)dn^ 
= a^(l — e^sn^u)da%. 

So far we have not assigned the value of k. If we 
take e for its value we have 

dSjdu = a dn^tt 
and S=aE{u, e), 

if x = asn(u,e), 

y = hcn{v,, e). 
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This expression holds equally well for the hyperbola, 
but it is not so useful, as the modulus of the elhptic 
functions is then greater than 1 and the point from 
which the area are measured is imaginary, b being 
imaginary. 

§112. In the hyperbola x^ja^-if/b^^l we may 
however put 

y = h c&{K—u) = fcfc'sc u, 

so that u vanishes for the point (it, 0). 

If iS is the length of the arc measured from thiH 
point we have 

{dS/duf = (aW^sc'u + bVc"'d<i^v,)nc^u, 
= bVc'^Tic'u, 
if a%'2 = 6%2, that is 7^=1/6. 

Thus dS!du = bk'm^u\ik=lje, 
and S=^ae{s<i'ti<\uu + k'^u — Eu). 

§ 113, The equation 

Eu +Ev- E{u +v) = k^sa. u sn v 8n(u + v) 
may he expected to furnish a geometrical theorem 
concerning sires of a central conic. 

We must first find what geometrical condition is 
expressed hy such an equation as w — v = (, connecting 
the arguments u and v of two points on the ellipse. 
It will be more convenient to put 

u = a+/3, v^a~^. 
The tangents at u, v are then 

2m(a±/3) + ?cn(„±ffi=l, 
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and at theif interatsetion wc have 

— an a cn dn 0+y cii a en ^ = i —k^n^a an^^, 

-sn^cnaclnci = ^snasn|8cLn«dn^, 

whence a; = a sii a dc /3, 

y = bcnancji. 
Eliminating a, we have 

x^la^dc^^ + i/V&%c^/3 = 1. 
Eliminating /3, we have, since e is the modulus, 
x^la^e^sa^a — y^/wVcn^ct = 1 . 
Each of these conies is confocal with the original 
one. Thus i£ u±v is constant, the intersection of 
tangents at the points u, v traces a confocal conic. 

§ 114. At a point on the tangent at v, whose dis- 
tance from the point of contact is s we have 
cc — asnu^y — b(ijiu_ z 
acau —bsnu adnu 
so that x — asnu+ecdu^^asnu + s an.(u + K), 
y = b<iiiu + s cn{u4- Jf ), 
It is hence easily found that the lengths of the two 
tangentw at (a ± /3) measured to their intersection are 

ascy3dnadn(a±/3). 
Call these t^, t^. Then 

ti+t2= 2a ec^ dnV dny3/(l-7i:%n«a sn^^), 

(^ - (2= - 2(xe%n^^ sn a en « dn a/(l - khii^a sn^^). 

Now by the addition-formula for the function E 

£'(a + ^)~-£'«--B^=-7fi%n«sn^sn(a+^), 

E(a ~^)-Ea + E^= Bm a sn /3 8n{a - /3), 
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and by addition and subtraction 

= - 2;fc^sn^/3 sn « en a dn a/(l - k^n^a an^/S) 
= ((i-(a)/c(, 

= - 2fc=8n3a sn ^ en ^ dn /S/(l - /c'sn^a sn^^) 
= ((,+y/o-2sc/3dn^. 

If then a+^, a— /3 ai-e the arguments of the two 
points P and Q the tangents at which meet in T, and 
if B is the point from which the area are being 
measured, we have, when T traces a confocal ellipse, 
BO that ;8 is a real constant, 

arc BP - arc BQ~TP-~TQ = a. constant, 
or TP-{-TQ~ arc PQ = a. constant ; 

and when T traces a confocal hyperbola, so that a is a 
real constant, 

arc BP + arc BQ-TP + TQ-^a, constant = twice arc BR, 

if R is the point of intersection of the hyperbola and 
ellipse between P and Q. Thus 

TP - are RP^TQ- arc RQ. 

§ 115. This applies also to the hyperbola, but since 
in that case 6 is a pure imaginary the relation 

TP+TQ-3,TcPQ = a. constant 
holds when T moves along a confocal hyperbola, and 

TP - are RP = TQ - arc RQ 
when T moves along a confocal ellipse. 

For geometrical proofs of these theorems, whieli 
are due to Dr. Graves, see Salmon's CoTidc r " 
Chap. XIX. 
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It is noticeable that the system of confocal conies in 
tlie reciprocal of a system of coaxial circles with 
respect to one of the limiting points, ao that this case 
is clcfficly connected with that of §§ lOY-llO, 



A CASE IN SPHERICAL GEOMETRY. 

§ 116. Another case of a doubly quadratic relation 
between two parameters is afforded when an arc of a 
e;reat circle moves on a sphere so as always to have 
its two ends on two fixed great circles, its length 
being constant. 

Let PQ, FQ' be two consecutive positions of the 
movable arc, OPI", OQ'Q the two fixed arcs (Fig. 3). 




Let OF=0, OI>' = e + dO, 0Q = <1., 

0Q' = 4, + d.p. POQ=A, PQ^a. 

Then the integral equation connecting d and <p is 
cos cos <j> + cos A sin sin ij> = cos «. 

To form the differential equation, since PQ = P'Q', we 
have PP' cos OPQ = Q'Q cos OQP in the limit, that is, 

(1— .sin^A GosecV sin^0)id0 

+{l-sin^.4cosec^usin^e)*d^ = 0. 
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We may then put 

8in6 = siiu, COS0 — cnii, cosOQP — dnu, 
8m^ = ani;, cos0 = ciiv, cosOFQ^dn v, 

the modulus being sin A coaec a, and we have 

du + dv=^ii, u + v = constant — iv, say. 

Then lu is the value of v given by supposing u and 
therefore 9 to vanish, so that 

sn w = ain a, caw = coa a, dn w = —cos A , 
and we have en iu = en u en -d — dn w sn u sn w, 
that is, cTi{u+v) = (inuciiv—sausav(in(u+v). 

This is one of the addition-forinulac. 
We have also 

cos = cos a cos ^ + sin a sin cos OQP, 
or enu = cn(u+«i)cni! + sn(u4-7;)8n lidnit, 

and en 17 = cn(ti + w)en u + sn(u + i')sn u dn u 
These three equations may be solved for 

sn{u-\-v), en.{u+v), dTi{ii.+v). 
If the modulus is to be real and less than unity and 
w real, we must have A obtuse and a+A greater 
than two right angles. We may then write 
sin = sn u, cos = en u, 

sin <p = sn(w—u), cos ^ = cn(^y — ti), 
w being a constant. 

§ 117. In this case we have 

dejdv, = dn u or duldd = (1 - Fsin^e)"*. 
The function ^ of u which satisfies this condition and 
i with ti was called by Jacobi the ampli- 
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tude of u, it being the upper limit on the i-ight-hancl 
side of the equation 



It was also customary to write A0 for (1 — A^ain^fl)*. 
Thus snu, cnw, dnw were conceived as the sine, 
cosine and A of the amplitude of u, and in Jacobi's 
notation were written sin am u, eosamw., Aamw, the 
amplitude 6 being denoted by amw. The shorter 
notation, sn, en, dn, was suggested by Gudermann. 

The function am w, is of no importance iu the theory 
of elliptic functions, but it sometimes presents itself 
in the applications of the theory. In the case con- 
sidered wR may, for instance, write 

B = a,mu, = ara{iu — u). 

APPLICATIONS IN DYNAMICS. THE PENDULUM. 

ij 118. There are certain problems in dynamics 
whose solution can be expressed by means of elliptic 
functions. The simplest is perhaps that of the motion 
of a pendulum. 

The equation of motion is 

l6=-ijsme, 

where is the inclination to the vertical of the plane 

through the axis of suspension and the centre of inertia 

and I IS the length of the simple equivalent pendulum. 

A first integral is found by multiplying by 0, it is 

K being a constant. To integrate this put 
= 2am|M, 2*(1-|-Kr*}, 
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SO that sin ^Q — sn U, 

cos ^6 = en u, 

Then u^ = {l+K)gl-2l, 

and u — t{(l+K)g/2l} " +const. 

§ 119. Let A, B he the highest and lowest points of 
the circle described by the centre of inertia of the 
pendulum, P its position at any time, k its distance 
from the fixed horizontal axis, and let 

{l + K)g/2l = n\ 
Then B2^ = 2ksnnt, 

if the time is measured from the moment when /' is 
at 5. 

If PF is the perpendicular drawn from P to a 
horizontal plane at a distance Kk above the axis, that 
is, at the level of zero velocity, we have 
Py = (l-fK)fcdn^«f. 
Let iivl , produced if necessary, meet this plane in C. 
Then let a circle be described having CY as its radical 
axis with the circle APB. The tangent from P to 
such a circle varies as PY^, that is, as daint. Hence 
the figure is the same as that in Jacobi's construction 
(g 105 above). 

§ 120. The application of the addition-formula will 
then give us the following theorem : — 

The envelope of the line which joins the position of 
the centre of inertia at any time to its position at a 
fixed interval afterwards is a circle of the coaxial 
system which has for radical axis the line of zero 
velocity, and includes the circle described by the 
centre of inertia, 
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When the pendulum is performing compleiie re- 
volutions K^l, and the elliptic functiona have a 
modulus < 1. Thus if the fixed interval is half the 
whole time of revolution, the straight line joining the 
two positions will always pass through a fixed point, 
namely, the inner limiting point of the system of 
circles, whose depth below the radical axis is 

Further, the envelope of the line joining two variable 
positions of the centre of inertia, which are separated 
by equal intervals of time from any fixed position 
(one before, one after) is a circle of the same coaxial 
system ; and if the revolutions are complete, and the 
fixed position is at a depth h{K^— 1)* below the line of 
no velocity, the line always passes through the outer 
limiting point. 

The velocity of the centre of inertia varies as the 
tangent drawn from it to any fixed circle of the 
coaxial system, or in the case of complete revolutions 
as the distance from either limiting point. 



§ 121, In the case when the pendulum i 
l—K is positive, so that the modulus of the elliptic 
functions is greater than unity. The expre^ions may 
be transformed by the usual formulae; putting ,9 = ^tii^, 
we have 

AP = 2hdnmt, 

the modulus being now 2~*(l+fc)*. The velocity 
varies as en Tfit. 

The general theorems derived above from the 
Eiddition- formula still hold, the' system of coaxial 
circles having now real intersections, namely, the 
extreme points reached in the oscillation. The limit- 
ing points are however imaginary, and the hne joining 
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positions separated by an interval of half the period 
18 always horizontal, as is also that which joins two 
that are separated by equal intervals from the lowest. 
The coaxifU circle, which is the envelope in this case, 
consists of the radical axis and the line at infinity, 
and the tangents to it pass through their intersection. 

MOTION OF A. RIGID BODY TJNDEE NO FOECES. 

J 122. Another interesting case is that of a rigid 
y in motion under the action of no forces. The 
centre of inertia will then move uniformly in a straight 
line or be at rest, and the motion of the body about 
its centre of inertia will be unaffected by the motion 
of the centre of inertia, which we will therefore 
suppose to be fixed. 

Let ft), , 0*2, CO3 be the angular velocities of the body 
at any time t about its three principal axes of inertia, 
and let A, B,G he the three corresponding moments 
of inertia, and suppose that they are in ("■ 
order of magnitude. 

The equations of motion are then 



live and opposite to 





Ai,^-(B- 
Bi,-(C- 




The form of these suggests 


1 a sulBti 


Wl = 


acnqt, o!^=-f^i 


Sn qt, w 


since the 

those of B 

Making 


sign of C'~A is : 

-a,A-B. 

the substitution w 


negative 
e have 




Aqa-(B 
CqyB-(A 


-A)y„, 
-B)a^. 
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Henco j-g-^=^ = J;p.r, say. 
The equations are therefore satisfied if 

»i-i(-2— ) Cii5((-y, 

»!--i(-^---) sng((-g, 

». = |(-^j=)dn5('-*«). 

and the arbitrary constants of integration arc j, the 
modulus h, and i,,. 

Tlie following two important equations are easily 
found either from the equations of motion or the 
integrals : — 
j1< +B< +Co>3^ =j\A-k'^B~k^C)/k^ = T,a8.y, 

§ 123. Suppose now that {I, m, n) are the direction- 
cosines of a straight line fixed in space. We then find 

m = ')^Wl — Zwg, 

and wj, oij, (Og, are now known functions of /. If these 
equations can be integrated the problem is completely 
solved. 

The equations give 

ll+mm+n'h = 0, 
and therefore I^+m^+Ti^= constant. 
The value of this constant is known to be 1. 



y Google 



MOTION UNDER NO FOllOES. 115 

Also AM-^l+Bwsin + Gw^n 

= — Ala>^ — Bmw^— Cnoi^. 
Hence Ala)^+B7ruo^ + 0n(Og=K, a constant. 

This equation expresses that the Une {I, m, n) makes 
a constant angle with that whose direction-cosines are 
(AiaJG, BwJG, C<aJG) and shows therefore that this 
latter is fixed in space. It is easily found that the 
equations are actually satisfied if 

l = AwJG, m = BwJO, ■n = Ca,JG. 

§ 124. We may now simphfy the problem hy aup- 
poainig the line {I, m, n) to be perpendicular to this 
known fixed line, that is by putting K—0. 

Let (\, /)., v) be the direction-cosines of another line 
perpendicular both to (l, m, n) and to 

(ii»,/G. B«jg, CVS), 

SO that G\ = CiriMg — Bnto^, etc. 

Then since (A, /x, v) is als(j fixed in space we have 

and lX-'\i^ (Ifi — Xto)oi3 — {If — \n)o)^ 

= -(Ba^^-I-G«>3^)/G 

Also i^ + XH^V/f^' = l- 

Hence -j^ arctan l/\ = G{T- Ao,^^)l{G' - A'o):'). 
Thus l = \ tan v, 

This integral can be expressed in terms of the 
function 11, for the subject of integration is a known 
function of t. 
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Then I, m, n are given by the equations 

Gl cot v-Cmw^+Bnw^=0, 

; m 

~ — iJG'tOjCOti'— ACfOjOig 

1 

~ G cosec -(^CS V + C^W)*' 
To find A, /x, V we need only change v into v-\- — 

in these expressions. 

Referred to the three fixed axes, the direetion- 
coaines of the principal axis of greatest moment are 
(AtoJG, I, X), those of the mean axis {BwJG, m, p.), 
and those of the third principal axis {GwJG, n, v). 
Hence the orientation of the hody is completely 
determined at any time. 

The actual value of v is found to be 

v^+G(t-t,)!C-i-iJl{q{t-Q,a} 
if ^na = i{A{B-C)/C{A-B))^, 

the values of cn«, dna being both positive, as well 
as that of — tsno. v^ is the value of v when t = t^, 
and it varies according as different straight lines in 
the " Invariable Plane " are considered, a is a purely 
imaginary constant depending on the nature of the 
rigid body, k may be any real quantity. If it is 
numerically greater than unity the formulae may be 
reduced by the usual transformation to others in which 
the modulus is less than unity. 

The values of arctan tji/^ and arctan n/v might have 
been found in terms of II functions instead of that of 
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arctan i/\; the formulae thus found must however 
reduce to those we have by means of the formula for 
addition of parameters in the function II. 

A further discussion of the motion, with references, 
may be found in Roufch's Advanced Rigid Dyna/mics 
(Chap. IV.). 

ATTRACTION OF AN ELLIPSOID. 

§ 125. The potential of a sohd homogeneous ellipsoid 
at any point may also be conveniently expressed in 
terms of elliptic functions. 

The expressions 

3?- = a^a'^a"^l(a^ — b^){a^ — c^), 

for the coordinates of any point in terms of the semi- 
axes of the three eonicoids of a confocal system that 
pass through it, suggest that we make x, 'y, z constant 
multiples of jS, G, D respectively where 

S = sn «i sn « 2 sn Wg = Si H h' ^^7' 

C = en tt J en tt-j en 'U.J, = Ci c^ Cg, 

jO = dn w^ dnuj dnitg = d^d^d^. 
Smee li^kW^ - IcW^ + d^^d^^ = /c'^, 

we have I<?l^-^S-'/8r^~k^Cl0r^+ D^ld,?=k'^, 
where r = 1 , 2 or 3. This equation is the relation that 
connects S, C, D when Tiy is a constant. 
If then we put 

x = l.k%'S, y = l.l(^C, s = l.iD, 
I being any constant, the locus of (x, y, z) when n^ is 
a constant will be a conicoid whose semi-axes are the 
square i-oots of 
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The differences of these quantities are constants, so 
that the different conicoids are all eonfocal. 

§ 126. For an ellipsoid the imaginary part of u^ 
must be an odd multiple of iK'. It will be more 
convenient to have u^ real in this case ; we therefore 
put Ur+iK' for tt,. throughout, and we have 

x^WjkS. y^l.iDjkS, z=~l.C/S, 

the squares of the semi-axes being now 

When tif is constant and real, we now have an 
ellipsoid, when its real part is an odd multiple of K 
a hyperboloid of one sheet, and when its imaginaiy 
part IS an odd multiple of iK' a hyperboloid of two 
sheets. In other cases the surface w,. = constant is 
imaginary. 

Since then one surface of each kind passes through 
any point, we may suppose u^, liu^—K), u^ — iK' to 
be all real. 

The semi-axes of the focal ellipse are found, by 
putting v^—J^, to be Ik' and Ih'^ ; and, as I and k' are 
arbitrary, these may be made equal to any lengths 
whatever, so that any system of confocals whatever 
may be represented in this way. 

§ 127. We must now transform the equation V^ V= 0, 
that is, 

■dx^ '^ ^y^ ^ 33^ 

Now, in the first place, if V is expressed in terms 
of S, C, B, 

'dV ZV . c)F , 3F,„ , , 
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3>F 3'F ,,,,,, 8'F ,,,,, , 3"F,, , ,,,,, 

with symmetrical expressions for '^Vjdu^, "^Vjdu^^. 
Thus 

all the other terms disappearing. 

If then we put x = lkVc8, y=lh^G, z = liD, we have 

If now we change u,- into u,.+tK', this becomes 

+ s^^sg^ - sj^)-g» F/au^^ + 8^%8^^ - 83^)32 f/bh./. 

The equation V^F=0 is therefore to be replaced by 

+ hXh^ ~ Sj^)2P F/aiig^ + 83^(81^ - 82^)3= F/Bwg^ = 0, 

§ 128. Now it is known that the equipotential sur- 
faces of a thin homogeneous homoeoid (shell bounded 
by two similar, similarly situated and concentric 
ellipsoids) are the confocaJ ellipsoids that lie outside 
it, that is, the surfaces represented by ttj=constant 
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if our confocal system is that to which the surface of 
the shell belongs. 

If V is the value of the potential it is a function of 
Wj only, satisfying the equation just written, which 
now hecomea 

3=7/3^ = 0. 

Hence V=Qu^+It, Q and R being constants. 

Now V vanishes at infinity and at very distant 
points is in a ratio of equality to Mf7- where M is the 
mass of the shell and r the distance of the point from 
the centre. 

Also at infinity u^ = 0, and for small values of v^ 
the surfaces may be regarded as spheres of radius Ik'/s-^^. 
Hence when w^ is small we have 

that is, iJ=0, Q = MIII/. 

The potential of the homoeoidal shell is therefore 
MuJW. 

§ 129. If now we have a homogeneous solid ellipsoid 
whose semi-axes in descending order of magnitude are 
a, b, c and whose density is p, it may be divided up 
into thin homoeoidal shells, to each of which the fore- 
going will apply. To get the different shells we need 
only suppose I to vary m the above expression from 

to ■p en i\, its value for the outside surface, Vj being 

the constant value of v^ for the outside surface referred 
to its own system of confocals. 

The sum of the volumes of all the shells up to any 
value of I is 

■J-TrW^cn v^dn v-Jsn^Vj, 

so that we substitute for M the expression 



y Google 



ATTEACTION OF AN ELLIPSOID. 121 

which is the differential of this with reapect to I 
multiplied by p. The potential of the solid ellipsoid at 
an external point is therefore 

sn^^j J ^ 

and u^ is given as a function of I by the equation 

{x, y, s) being the coordinates of the external point. 
We find at once 

JifH dl = (x%Cidj^ + y\cjd^ + :^a^djc.^)duy 
Thus if now we write Uj for the value of ttj at 
(ic, y, s) in the system of confocals to which the outeiJe 
surface belongs we have for the potential 

— ^ „ ^ *l ■w([c^ + jy%id'((,+,?%c''i!']Rmicnwdnw(^tt 

___£ — 3;^ ~\ %(ic^sn^^j + ?/%i%-|^ + s^sc V^) 

Also by definition of u^, 

iB^snV^ + yHdhi^ + s^sc^u^ = a^sn'^^, 






1 snw^cntt, it^ If 



7/2 dnw^ k^ la 

1 sniiidnit, 1. „ 
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122 ELLIPTIC rUNOTIONS. 

Hence the potential 

Here h^ = (a^ - b^)/{a^ - c^), 

AaVj^ — bja, 
en V-i = GJa, 
sn Wj = (a^ — iffjii, 
and M, is the least real positive argument that satisfies 
the equation 

3!%n*«^ + jfs^n,^ + zhii^Uy — '^ — <?. 
If the point (x, y, s) lies on the outer surface, we 
have V/^^ — v-^ 

§ 130. If the point {x, y, z) lies inside the ellipsoid, 
the ahove formula ceases to hold. We may however 
deacrilie through {x, y, e) a similar, similarly situate<l 
and concentric surface, and use the aliove expression 
for the volume contained. 

If Xa, \h, \c are the semi-axes of this one, its 
potential is 

— '- — ^ -^ v,{X^a^sn\ — (x^ — y^)kH 

sn\ L ^ // J 
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We have then to deal with the outer shell. This 
may he divided into thin homoeoida as before. The 
potential of each is the same at all points inside it, 
and equal to 

4>-!rpl dl . fc'^jcn Vjdn v^/sn^v^. 

This is to be integrated with respect to I between the 
limits \a sn vjk' and a sn vjk', and added to the 
potential of the inner part. 
The integral is 

and the potential of the whole ellipsoid at an internal 
point {x, y, z) is found to be 

2irpcnii,dnu,r , „ , , , ^-.n^i 
" — ^-- — -■ Ujla^stfVj — (x' — ^■^)/fc'^j 

sn t), , , o , , , 
+ t-cn».dn^. fa°°''--''^''-> 

+SiC'^''-'-!/"+'='»')]. 

The expression is the same aa for an external point, 
but that the constant v^ takes the place of the 
variable m.^. 

EXAMPLES ON CHAPTER X. 

1. Prove that(l— Stereos 2(i+a;^)^ can be rationalized 
by putting 

[C+-= 2ns(2tt,cosa), 
and that then x — — ~2 cs(2ii, cos a), 
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12i ELLIPTIC rUNCTIONS. 

(x^-~2coa2a+-^] =2 ds(2w, cosa), 

2. Discuss the spherical figure of § 1 ' 6 in the case 
when sin A > sin « and show that in that case we may 
put 

sin OPQ = sa{u, sin a cosec A), 
sin OQP = sn{w — u, sin a cosec A ), 
where ir—A^ axa w. 

3. If cos 6 =^ cos 8 dn it, tanrfj^-.- ^sc-it, 

'^ ' ^ smp 

where cos a = k' cos (3, prove that the point whose polar 
coordinates are {li, 0, </>), U being a constant, traces a 
sphero-conic whose semi-axes are a, ^ and that the 
area of a central sector of this sphero-conic is 
„„. . J An-wdu 

'^Jl-l-cos^dnu 

4. Prove that the chord joining the points w±« on 
this sphero-conic touches the sphero-conic whose equa- 
tion is 

cot20cn2a = cot2/3 dn^a cosV+cot^a sin^, 

and that this has the same cyclic arcs as the former 

5. Show that the sector bounded by tlie semi- 
diameters to the points it + a differs from 

2ii'.rct.n''°"<"'''+''°'°°°'''^>+'''"""'^ 
sn a cn a sin a sm p 

by a quantity independent of ^^. 

Prove also that the area of the spherical triangle 
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foiined by these two semi-diameters and the chord 
joinuig the points u±a is 

, Tj. , sin a sin B sn a en a dn w 

2 Jt^arctan ^ s — . „ . , , r^, 

1 — an^a sm^a + dn it dn a cos p 

and that the area of the segment cut off by this chord 

is independent of ii. 

6. In the same sphero-eonie 

(cot^S = cot^a sin^^ + eot^/3 coB^<j>) 

prove that by the substitution 

tan ij) — tan a cot fi sin a cosec /3 ca{u, k), 

where yc' = sin/3 cosec a, 

the expression for the are is reduced to 



R tan a tan ^ t 



"4 



jtan^/3 sn^tt+tan^a cn%' 

7. Prove that at the intersection of tangents to thia 
sphero-conic at the points u±a(as in Ex. 6, not Ex. 3) 

cot 6 _ cot a sin (^_ cot ,8 cos ^ 

en M dn u dn « en u ^sn w 
and that as u varies this point traces the confocal 
sphero-conic 

cot^0 nc^(t = cot^a sin^^ nd^ct + cot^|9 cos^^. 

8. The length of the tangent at u + a in the last 
example is 

tan a tan /3 sn a sin ^ 
tan^acnucn(u-l-if)dnn-l-tan^iQ3n«.sn(«-|-a) 
Find the differential coefficient of this expression with 
respect to u in the form 

^ Lta^a"^ W. + a) + tan^^ sn\u + a) 

. ^._1. 1. 

tan^a cn^ti+tan^,8 sn^ttj 



R tan a tan 8 sin B 
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126 ELLIPTIC rUNCTIONS. 

and prove that the sum of the two tangents exceeds 
the intercepted arc by a quantity independent of u. 

(Compare Salmon, Geometry of Three Dimensions, 
§252.) 

9. Verify that when 

sn^it tan^/3 + cn^u tan^« — 0, 
then 

sn u = ± .- co8 /3, cnu= ±vsin^cot n, dn tt= +sin^, 

and the above expression for the length of the tangent 
becomes R arctan±u 

10. Prove that the following equations give the 
motion of a heavy particle constrained to move on a 
fixed smooth spherical surface :— 

co8 = cos w8nW+C09^cn^(D(, 

, _ ,^ ( f"' ^^ 

'^ \J ain^^asn^ + sin'^J/Bcn^ii 



"""J cos^i« sn%+cos''|^cn%J' 

where B is the angular distance of the particle from 
the lowest point, a, ^8 are the greatest and least 
values taken by 6 during the motion, is the angle 
made by the vertical plane through the centre and 
the particle at time t with its initial petition, t being 
measured from a time when 6 = ^,1 is the radius of 
the sphere, and 

F = (COS^^ - C0S^a)/(l + COS^/S + 2 cos a COS ;8), 
_ 1 f (/(C0sff — COSg) )^ 

71= = 4 sin^a sin2/3/( 1 + cos^^ + 2 cos a cos /5). 
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11. Reduce the above value of ^ to the form 
n[wt cosee^/3+ Jsc a cosec Ja cosec ^^n(wi, a) 
+ isc b aec ^a sec i/3n(wi, fc)}, 
where dn o = sin i a/sin ^/S, 

dn & = cos Ja/cos |(3. 
What is the general character of the motion ? 

12. On a curve of deficiency 1 and degree n, the 
sura of the arguments of its intersections with a curve 
of degree m is c. Show that if u > 3 the fact of the 
sum of the arguments of •mn poiats on the curve 
being o- does not ensure that the points lie on an m*", 
but that if 11 = 3 this condition is enoiigh. 

13. If the curve of intersection of two conicoide is 
projected from any point of itself on any plane, the 
projections will all be projections of the same plane 
cubic. 

[The anharmonic ratio of the four tanaents drawn 
to any of the cubics from a point on itself is the same 
for all. It may be expressed as a function of the 
elliptic modulus.] 

14. Verify that the expressions found (^129, 130) 
for the potential of an elfipsoid satisfy Laplace's and 
Poison's equations, and find the components of the 
attraction at any point. 

15. In Jacobi's coaxial circle figure {Fig. 2, §105), 
prove that when a = iK', is at B, and when 
a = K+tK', at A, In general when lies between 
L and L', so that the variable circle is imagioary, the 
real part of a is an odd multiple of K. 

16. The arguments of the circular points at infinity 
are ±iK', and of the other common points of the 
coaxial system K±iK'. 

17. If I, m, n are in descending order of magnitude 
show that the two ends of a chord of the circle 
ii?-\-y^ = m?' which touches the ellipse x^/J^+y^ln^=l 
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have for their coordinates kmsn{u±a), m,dn(tt + a), 

where 

,„ l^im^ — 'n?) n , n 

K = „,„ — ^, cna^T, an a = — , 

mHP — 'n?) I m 

and w is a variable parameter. 

18. If x+iy — w^'n-'riv), the points on the curves 
tt=eonst., i; = const. at which the tangents are parallel 
to the axes of coordinates, lie either on one of those 
axes or on a rectangular hyperbola whose axes they 
are. (See Appendix A.) 

19. If 

or cnX'U'+ii') or dn\u + tv) or jp{u + tw), 
the curves « = const., v = const, are confocal Cai-tesian 
ovals, and for one value of each the oval becomes a 
circle Distinguish between the outer and inner ovals. 
(Greenhill ) 

20 Examine the curves u = eonst., v = const. when 

[The distances of the point {x, y) from the points 
(±k, ±1) aie found to satisfy two linear relations. 
Henct the curves are bicircnlar quarties having these 
points for foci. In the particular cases when u=± ^K, 
or v= -^K' they become arcs of the circle x^+y^ = l.] 
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APPENDIX A. 

THE GRAPHICAL KEPEESENTATION OF 
ELLIPTIC FUNCTIONS. 

§ 131. The nature of the elliptic functions unfits 
them for representation by a liaear graph as in the 
case of functions of a real variable, we may however 

fet some idea of their variations by means of Argand's 
liagram. 
Let x + iy = sn('i* +tv), 

Xy y, u, V being real, and let -as, examine the curves 
u = constant, v = constant ; w e need not consider values 
of u outside the limits + ^K or of v outside ± K'. 

Call the point {x, y)P and the points (1 , 0), ( — 1, 0), 
(ijk, 0), (-Ilk, 0), A, JB, C, D respectively. Then 

^i« = (l-sn(u+fij)}{l-sn(u-.t;)} 

= (en If — dn (t! sn ■U')V(1 — /c^sn^tt en^tw), 
BF^ = (en [U + dn 11? sn wy/(l - li?saHf, bv?iv), 
&2CP«={l-/csn(u + c!;)}{l-Asn(u-('(;)} 

= (dn iv — 7c en (i; an v-J'HX — &*sn% sn^ii;), 
1<?-DP'^ — (dn IV + '.' en iv sn ufl{\ — k^sr^v, Bnhv). 

Hence ^^-^^ ^_ ^P-^^P ^ ^^-^^ J<^^+^^^) - 
dniijsnu cntv cnfusnit dnti) 
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130 ELLIPTIC FUNCTIONS. 

Thus the locua when ^ is a constant is given by 

BP-AP^{DP-GP)dciV, 
or the equivalent 

BP + AP^k{DP + CP)cAiV. 
The locus when u is a constant is given by 

BP~AP = k(DP + CP)iinu, 
or BP+AP= {DP~aF)Tisu. 

The curves in each case are bicircular quartics having 
A, B, G, D for foci. They are symmetrical about both 

The curves '?! = const, are found to be a series of 
ovals enclosing the points (±1,0) but not the points 

.1 



(^.o) 



The ends of the axes of these ovals are the points 
(±cdtw,0) and (0, ±isnti!). 
When V is indefinitely diminished the oval shrinks up 
into the straight line between A and B. As v increases 
in magnitude irrespective of sign the oval swells out. 
The points on the axis of x are points of undulation 
when 2 cd^iv = 1 + 1//(^, and for greater values the oval 
swells out above and below the axis of x, and is 
narrowest at the axis. In the limit when v= ±K', it 
becomes the part of the axis of x beyond ( ± 1/k, 0), 
together with the line at infinity. 

The curves ii = const, consist each of a pair of ovals, 
one enclosing the points (1, 0){l/k, 0) the other the 
points ( — 1, OX — l/Zc, 0), Each of these cuts each of 
the curves 'ii= const, orthogonally. 

Of the two ovals, the one on the positive side of the 
axis of y belongs to the values u and 2K—u (u being 
positive) and the other to the values — tt and — 2^+u. 
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When u= ±K the corresponding oval shrinks into 
the straight Ime between (±1, 0) and (tl/^, 0), the 
upper or lower sign being taken throughout. When 
w = the oval sweUa out until it becomes the axis of 
y with the line at infinity. 

The curve v = ^K' is the circle whose centre is the 
origin and radius k~^. 

§132. Smce 

the figures for the function dn will be of the same 
general nature ae those for an. The foci 

(±1, 0)( + l/&, 0) 
are replaced by (±^, 0)(±1,0) 
respectively, and the single central ovals are now the 
curves ii = const., the pairs o£ ovals belonging to the 
system 1) = const. The curve i^ = \K is a circle of 
radius fc' . 

In the case of the ftmction en the figures are 
diiferent. 

Putting x-\- ly ^caiu-^ iv), we have 
a; = en u en ivj{\ —W sn^it an^ti;), 
y = isnuan(wdnwdn ivj(\ — k^ sn% snhv). 
The curves ^t=conBt., i; = const. are still bicircular 
quartics but the four real foci are not coUinear. They 
are the points (±1, 0)(0, ±k'/k), each of these pairs 
being coUinear with the antipoints of the other.* 

Each of the curves consists of a single oval. The 
curves ■i(. = const, enclose the foci (0, ±hf/k) and not 
(±1, 0). The curve u = consists of the parts of the 
axis of X beyond the points (±1,0), the curve u—±K 

* This may be compared with § 131 by meana of the formula 
which follows from equations (20) of § 26. 
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132 ELLIPTIC FUNCTIONS. 

of the line between the points {0, ±]^!Jc). As ii de- 
creases numerically from ±^ to 0, or increases from 
±K to ±2K, the oval swells out. It has points of 
undulation on the axis of x when 

2cn% = l-/c'^//c^ if !c^>k'\ 

When cnhi is greater than the value thus given the 
oval is shaped rather like a dumh-bell, and the two 
ends of it expand to infinity as u diminishes to or 
increases numerically to ± 2K. 
Since 

h en(w + ill, k) — — ikfcn.(v — lu + K' — (K, k'), 
the general form of the curves «.=con5t., 'd = conat. is 
the same if one set is turned through a right angle. 
There wiU he points of undulation on one of the 
curves v = const, if h"^ > k^, that is if there are not on 
any of the curves v- = const. 

§ 133. These bicircular quarties are shown in figures 
ia, 5a, 60, for sn, en, dn respectively. They have been 
drawn to scale with some care for the value ^'2 — 1 of h, 
and for values of 11 and v which are successive multiples 
of ^K and ^K' respectively. 

Tn each case the curves 11 = const, are drawn thick, 
and the curves i) = const, thin. The figures 4b, 56, 66 
show on the same scale the corresponding variations 
in the argument, corresponding lines in the two figures 
being numbered aJike. Only one period-parallelogram 
has heen drawn for each function. In each case the 
centre is at the origin. 

The figures 46, 56, 66 are reproduced on a smaller 
scale as 4*;, 5c, he the parallelograms being divided 
into the regions that correspond respectively to the 
four quadrants in 4a, 5a, 6a. 

In figure 6a the curves v = 0, v= +IK', v= i^iT', 
v= ± 'i.K' are too small to be shown. 
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APPENDIX B. 

HISTORY OF THE NOTATION OF THE SUBJECT. 

§ 134. The notation used by Lcgeiidre waw as 
follows :— * 

F(k,6)=i (l-'Am^0)"™, 

E{k, e)={ (l-k^sin-'efdO, 
F{k, i^) = F^{k), E{k, ix) = E^{k), 

n(fc, TO, 0) = ( (1 - k^a\Yi^ej\iei(i +« sm^e), 

Jacobi and Abel proposed to take F{k, 0) as the 
independent variable. Putting u for this, Jacobi 
called 6 the amplitude of u, or shortly am u. Then 
sin 6, cos d, A0 were the sine, cosine, and A of the 
amplitude of ii, or aa he wrote them, 

sin am u, cos am it, A am u. 
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He used the symbol coamu for a,m{K—u), and also 
tanaintt, aiucoam u, etc. 

He changed the meaning of the symbols E, II to 
those we have given (Chap. V.), and also brought in 
the function Z. 

It was proposed by Gudermann to write sn, en, dn 
. for sin am, cos am, A am, and the notation bc, cd, etc, 
waa introduced by Dr. Glaisher. Sometimes tn is 
written for sc, etn for cs. The function gd (see 1 75, 
note) is the amplitude, the modulus being unity. For 
the notation of Weierstrass see Chap. VII, 

In the further development of the subject other 
symbols are wanted. Jacobi used the Greek capitals 
and H; the functions ©u, Hu may be defined as 
follows :■ — 



9i(. = expf I Zvdv\ 



Hj( — ^h . 0u . sn u. 
The arbitrary constant in the value of O is not 
determined until a later stage. 

Some of the properties of the function Gk have been 
' ' 1 the examples to Chapter VI. 
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MISCELLANEOUS EXAMPLES 

(FEOM EXAMINATION PAPRES). 

1. Prove that 

saxcu'y-sdt/cnx 

2. Show that 

3. Two seta of orthogonal curves (Cartesian ovals) being 
defined by the equation 

x + <.y = snm(u + iv),k\, 

show that the polar coordinates of any point (u, v) are 
given by 

cos e = -™(«. ^■^) + dn(u,/c)dn()),A:') 
dn(Mj k) - cii{u, &)dn(j', &') ' 

™ ~ du(M, i) - cn(M, ft)dn(«, ^Z)' 

dn{D, *!') +dn(u, k)m{v, ^) 
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MISCELLANEOUS EXAMPLES. 1-39 

4. Prove that the functions 

(cs u cd M en « - A'Ssc u sd u sn uf 
and (ds « dc w dn M + ;;aA'^sc u ad u sn w)^ 

have periods K and c/^. 

where a, I*. t are positive quantities in descending order of 
magnitude, then 

the modulus heing {{a-h)j{a-c)]^. 

6. Show that 

X sn \(u, - «3 + U; - «,)sn ^{u^ - «, - .(, + u,) 

7. Show that the form assumed by a uniform chain of 
given length whose ends are at two lixed points is re- 
presented by the equation 

k-hj = 2khm^-^^, 

when its moment of inertia about the axis of o: has a 
stationary value. 

8. Prove that 

cn{B - C)sn(C -A) + AiiiB - 0)sn{J - B) 

+ sn(iJ - C')cn(6' - ^)dn(^ - fi) = 0, 

9. Verify that 
{\-kH-i^'{c-\-d)%^'{a-l)){\-hH^\a + }))&a'(c-d) ) 
{l-kh-a\a + i)s^\a - 6)} { 1 - yfe'^sn^ + d)s,Ti%c - d)] 

is ii symmetric function of a, h, c, d. 
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